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SUMMARY 


During  this  research  period,  we  concentrated  our  efforts  in  two  areas.  One  was  to  continue  our 
previous  investigation  of  coherent  wave  propagation  in  discrete  random  media.  In  addition  to 
providing  a  more  rigorous  model  by  considering  nonspherical  statistics  for  scatterers  of  arbitrary 
shapes,  we  applied  multiple  scattering  theory  to  study  the  frequency  dependent  effective  properties 
of  different  kinds  of  composites  (electronic,  elastic  and  acoustic).  Such  studies  enable  us  to  obtain 
optimal  designs  of  wave  absorbing  composite  materials  before  conducting  any  expensive 
experiment.  For  preliminary  studies,  an  atmosphere  containing  aerosols  can  be  modeled  as  a 
composite;  however,  the  particles  are  not  stationary  and  the  turbulence  in  the  atmosphere  does  make 
the  problem  even  more  complicated. 

Secondly  we  began  to  investigate  the  incoherently  scattered  intensity  as  a  result  of  the  multiple 
scattering  of  waves  in  discrete  random  media.  Incoherent  intensity  becomes  extremely  important 
when  the  magnitude  of  the  second  moment  of  the  average  wave  field  cannot  be  neglected. 
Consequently,  the  incoherent  intensity  not  only  tells  us  more  about  the  statistics  of  the  discrete 
random  medium,  but  also  it  affects  the  qualities  of  the  transmitted  as  well  as  the  reflected  signals. 
Scattered  intensities  (coherent  and  incoherent)  either  from  scatterers  in  a  volume  or  from  scatterers 
on  a  surface  (modeled  as  rough  surface)  were  theoretically  examined.  The  computed  results  for 
backscattered  intensity  from  scatterers  compared  favorably  with  those  from  recently  observed 
backscattering  enhancement  experiments. 

In  the  following,  we  outline  and  summarize,  based  on  the  submitted  and  published  papers  in 
either  journals  or  conference  proceedings,  the  work  and  the  obtained  results  during  this  period  and 
also  propose  the  tasks  which  should  be  pursued  in  the  near  future. 

(a)  We  have  demonstrated  a  scheme  for  computing  the  complex  propagation  characteristics  of  a 
medium  that  is  effectively  anisotropic.  For  aligned  nonspherical  dielectric  scatterers  in  free  space, 
there  is  a  significant  difference  between  the  results  (  for  effective  permittivity)  for  parallel  and 
perpendicular  polarization  of  electromagnetic  waves.  However,  the  anisotropic  effect  for 
spheroidal  ice  particles  in  air  was  not  found  to  be  significant  when  we  varied  the  angle  of  incidence. 

(b)  We  employed  a  more  efficient  scattering  formalism  using  the  scattered  field,  rather  than  an 
earlier  exciting  field  formalism  which  involves  larger  matrices.  The  new  formalism  is  used  to 
compute  the  phase  velocity  and  attenuation  of  composite  media  (circular  as  well  as  non-circular 
scatterers  of  considerable  concentrations)  excited  by  either  elastic  SH  or  P  and  SVwaves.  To 
obtain  the  numerical  results,  the  pair  correlation  function  for  "hard"  disks  using  Monte  Carlo 
simulation  was  used. 

(c)  We  applied  multiple  scattering  theory  to  the  design  of  microwave  absorbing  materials.  The 
scatterers  considered  were  ferrite  particles  with  high  dielectric  and  magnetic  loss  tangents.  Because 
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the  size  of  the  ferrite  particles  is  very  small  compared  to  the  microwave  wavelength,  we  derived  an 
analytical  expression  to  obtain  the  complex  propagation  constant  for  the  composite  in  the  long 
wavelength  limit.The  simple  formula  is  able  to  predict  the  effective  properties  of  electionic 
composites  in  which  both  scatterers  and  host  materials  can  be  lossy.  In  the  Rayleigh  regime,  the 
derived  formula  covers  the  volume  fraction  of  scatterers  from  0  -  100%.  In  addition,  the 
characteristics  of  millimeter  and  microwave  absorbing  composites,  consisting  of  piezoelectric  or 
chiral  polymer  particles,  were  also  examined  in  wide  frequency  bands. 

(d)  Backscattered  intensities  were  studied  analytically  for  spherical  scatterers  randomly  distributed 
on  a  plane  excited  by  either  a  normally  incident  plane  wave'  or  a  beam  wave.  Under  these 
circumstances,  waves  are  essentially  multiply  scattered  by  a  random  rough  surface.  The  formalism 
used  to  obtain  the  backscattered  intensities  was  examined  by  using  the  principle  of  conservation  of 
energy  and  considering  both  the  coherent  and  the  incoherent  intensities.  However,  current  results 
do  not  cover  nonspherical  scatterers  and  the  dense  concentration  cases  which  should  be  pursued 
further. 

(e)  Earlier  results  for  electromagnetic  wave  propagation  in  discrete  random  media  assumed 
spherical  statistics  for  describing  the  spatial  distribution  of  even  nonspherical  scatterers.  We  used 
the  Monte  Carlo  method  to  generate  the  appropriate  pair  correlation  functions  for  nonspherical 
scatterers  (at  the  present  stage,  prolate  and  oblate  spheroids  with  different  aspect  ratios)  which  may 
be  either  aligned  or  randomly  oriented.  The  proper  pair  correlation  function  is  then  used  to  calculate 
the  propagation  constants  for  waves  traveling  in  a  medium  consisting  of  randomly  and  densely 
distributed  nonspherical  scatterers.  The  propagation  constant  was  later  used  to  compute  the 
coherent  and  incoherent  intensities.  Considerable  differences  were  found  between  the  previous 
results  using  various  kinds  of  approximation  for  nonspherical  statistics,  and  the  current  ones  using 
the  Monte  Carlo  simulation. 

(f)  We  developed  a  computational  scheme  to  obtain  numerical  results  for  the  second  moment 
(average  intensity)  of  a  wave  field  propagating  in  a  medium  consisting  of  randomly  distributed 
scatterers  which  are  not  necessarily  simple  in  shape.  The  formalism  (propagator  model)  used  in  our 
compuatation  parallels  the  diagram  method  first  proposed  by  Feynman  and  clearly  shows  the 
various  approximations  made  in  the  intensity  calculations.  The  back  and  forth  scattering  between  a 
pair  of  scatterers,  which  has  been  neglected  in  the  ladder  approximation,  automatically  appears  in 
our  formalism  taking  into  account  all  the  multiple  scattering  between  two  scatterers  through  the  pair 
correlation  function.  The  computed  scattered  intensities  in  the  forward  direction  compared  very  well 
with  those  measured  from  microwave  experiments.  The  widths  and  magnitudes  of  the 
backscattered  intensity  peak  compared  favorably  with  those  of  optical  experiments. 
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ABSTRACT 

In  many  applications  involving  electromagnetic  waves,  it  is  desirable  to  design  materials  having 
prescribed  frequency-dependent  reflection  and  transmission  characteristics ;  at  the  same  time,  they  must 
conform  to  restrictions  on  weight,  structural  properties  and  geometry,  etc.  Composite  materials  that 
contain  a  distribution  of  inclusions  of  specific  concentration,  distributional  statistics,  geometry  and 
material  properties,  can  often  achieve  the  desired  absorption  characteristics  while  adhering  to  other 
design  restrictions.  Because  of  economic  and  time  constraints,  the  design  of  such  composites  must  be 
carried  out  theoretically.  In  this  paper,  the  characteristics  of  millimeter  and  microwave  absorbing 
composites,  consisting  of  piesoelectric.  ferrite  or  chiral  polymer  particles,  are  examined. 

1.  INTRODUCTION 

• 

To  investigate  the  dynamic  response  of  composite  materials  which  are  formed  as  a  combination 
of  two  discrete  phases,  i.e.,  the  inclusion  (scatterer)  and  the  matrix  (host)  phases,  requires  the  use  of 
the  multiple  scattering  theory  whenever  the  volume  fraction  of  the  inclusion  phase  becomes  even 
moderately  large,  which  is  usually  the  case  for  most  commercial  composites  (e.g.  carbon  fiber  or 
boron  fiber  composites  used  in  aerospace  industry).  In  this  paper,  because  of  the  variety  of  inclusion 
phases  (piezoelectric  inclusions  an  modeled  as  infinitely  long  cylinders  which  an  two  dimensional 
scattenrs  while  ferrite  and  chiral  inclusions  an  treated  as  three  dimensional  spherical  scatterers)  as  well 
as  the  versatility  of  the  exciting  waves  (elastic  waves  and  electromagnetic  waves  which  have 
cylindrical  or  spherical  wavefronts),  any  effort  in  trying  to  formulate  a  unified  algorithm  which  is 
suitable  for  various  systems  seems  to  be  awkward.  However,  a  general  multiple  scattering  formalism, 
without  going  into  complicated  details,  is  given  also  in  this  proceedings  [Varadan  et  al.,  1985c]  and 
can  be  used  for  a  general  reference.  Nevertheless,  the  step-by-  step  derivations  for  any  specific 
problem  can  be  found  in  our  previous  work  [Varadan  et  al.,  1980,  1984,  1985a,  1985b,  1986], 

2.  PIEZOELECTRIC  MATERIALS 

Ever  since  the  discovery  of  the  piezoelectric  effect  by  Pierre  and  Jacques  Curie  [Cady,  1946;  Auld. 
1973],  materials  possessing  the  relevant  properties  have  been  widely  used  in  the  fabrication  of 
transducers,  sens  on.  filters,  resonators,  etc.  Piezoelectricity  is  the  linear,  reversible  coupling  between 
the  electromagnetic  and  the  elastodynamic  energies  due  to  the  displacement  of  charges.  If  a  charge 
density  is  created  over  the  surface  of  a  piezoelectric  material  volume,  then  internal  stress  and  strain  are 
produced;  conversely,  the  application  of  mechanical  pressure  creates  a  change  in  the  surface  charge 
density,  thereby  launching  an  electromagnetic  field.  Materials  which  are  piezoelectric  are  either  crystals 
endowed  with  anisotropy,  or  they  are  ceramics  with  ferroelectric  properties  which  can  sustain  a 
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permanent  charge  polarisation  due  to  dielectric  hysteresis.  Single  crystals  are  generally  suitable  for 
very  high  frequencies,  and,  in  quartz,  elastic  wave  propagation  has  been  observed  at  12S  GHz. 
However,  synthetic  materials  -  principally,  ferroceramics  like  uniaxial  BaTiOj  and  lead  zirconate 
titanate  (Kef)  -  have  very  strong  electromagnetic-elastic  coupling,  and  these  new  materials  are 
increasingly  being  put  to  use. 

Constitutive  relations  for  piezoelectric  materials  can  be  obtained  by  expressing  the 
nermodynamic  internal  energy  in  terms  of  macroscopic  state  variables  such  as  strain,  electric  and 
magnetic  fields.  With  the  assumption  that  here  the  piezoelectric  materials  are  non-magnetic,  in  mixed 
dyadic/vector  notation  these  relations  take  the  form  [Auld,  1973] 


B  -  h0H,  (2-lc) 

where  e  is  the  third  rank  piezoelectric  coupling  tensor,  cE  is  the  fourth  rank  stiffness  tensor  at 
constant  electric  field  and  e^  is  the  second  rank  permittivity  tensor  at  constant  strain  and  |tQ  is  the 
permeability  of  free  space.  The  elastodynamic  field  variables  are  u,  the  particle  displacement,  T.  the 
stress  tensor,  and  S,  the  strain  tensor,  whereas  E,  H,  and  B  are  the  usual  electromagnetic  field  vectors. 
In  a  piezoelectric  material,  therefore,  both  the  Navier  equation  and  the  four  Maxwell's  equations 

V«T  -  -po)2^  (2-2) 

V*B  -  0;  V*D-pe;  VxE-jtoB;  VxH  -  -jtoD,  (2-3) 

must  be  satisfied  by  the  composite  elastic-electromagnetic  field  subject  to  the  constitutive  equations  (2-1). 
In  (2-2),  p  is  the  mass  density,  whereas  in  (2-3),  pe  is  the  volume  charge  density.  Although  (2-1)  -  (2-3)  are 
general,  all  further  discussion  in  this  section  is  specialized  to  a  cartesian  (x  j,  Xj,  Xj)  co-ordinate  system, 
with  xj  axis  being  the  preferred  direction. 

Tne  fourth  rank  tensor  cE  is  called  the  stiffness  tensor,  all  elements  of  which  must  be  positive.  Note 
that  not  all  of  its  elements  are  independent  of  each  other,  and  it  turns  out  that  (with  the  superscript  E 
omitted,  henceforth) 

cijkf  "  ck/ij  "  cjikf  “  cijfk*  “  1A3,  (2-4) 

further  simplifications  coming  for  transversely  isotropic  materials  (Auld,  1973].  From  thermodynamic 
considerations  it  can  also  be  shown  that  the  piezoelectric  coupling  tensor  e  is  symmetric.  Further,  since  the 
stress  tensor  is  symmetric 


Confining  the  remaining  part  of  this  section  to  transversely  (xj-x^)  isotropic  media,  it  is  convenient 


t_onrining  tne  remaining  part  or  tms  section  to  transversely  (X|-x*) 
to  use  an  abbreviated  index  notation  due  to  the  particular  symmetry  of  c 
etc,  will  be  used  to  denote 

1  ij 

t  11 

2  22 

3  33 

4  23,  32 

5  13,31 

6  12,21 


The  upper  case  letters  I,  S, 
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Thus,  Cjj  is  a  6  *  6  symmetric  matrix  with  only  five  independent  elements  for  a  material  with  transverse 


isotropy,  and  is  given  by 

C11 

c12 

c13 

0 

0 

0 

c12 

C11 

c13 

0 

0 

0 

cu  - 

c13 

c13 

=33 

0 

0 

0 

(2-6) 

0 

0 

0 

c44 

0 

0 

0 

0 

0 

0 

c44 

0 

0 

0 

0 

0 

0 

c66 

with  C^  -  (c 

1 1  Similarly  the  piezoelectric  coupling  tensor  e  is 

written  in  the  abbreviated 

form  as 

’  0 

0 

0 

0 

e15 

0 

*U  “ 

0 

0 

0 

el5 

0 

0 

(2-7) 

.  *31 

e31 

*33 

0 

0 

0 

which  has  three  independent  elements;  and  the  permittivity  tensor, 

after  dropping  the  superscript  S,  as 

feu 

0 

0 

*ij  - 

0 

«U 

0 

(2-8) 

‘J 

_° 

0 

*33 

which  has  two  independent  elements. 

In  order  to  solve  boundary  value  problems,  the  appropriate  surface  conditions  on  the  panicle 
velocity  v  -  {3/dt}u,  the  trxdon  force  T*n,  and  the  tangential  electric  and  magnetic  fields  nxC  and 
nxH  must  be  satisfied,  n  being  the  unit  outward  normal  to  the  relevant  interface.  Reflection  and 
transmission  characteristics  of  planar,  piezoelectric  half-spaces  were  probably  first  examined  by  Kyame 
[1949;  1954],  and  have  been  dealt  at  great  length  by  Auld  [1973].  Scattering  of  elastic  and 
electromagnetic  waves  by  transversely  isotropic  cylinders  have  been  investigated  by  Moon  [1970], 
whose  analysis  has  been  applied  by  Lakhtakia  el  at.  [1986a]  to  study  the  properties  of  cylindrical 
gratings  made  of  BaTiO^  cylinders. 


I 

B 

E 


Table  2-1  Comparison  of  stiffened  and  unstiffened  elastic  constants  of  BaTiC>3  and  PZT-5 


CU 

PZT  - 

Unstiffened 
(x  1010N/m2) 

5 

Stiffened 
(x  l010N/m2) 

BaTiO 

Unstiffened 
(x  10I0N/m2) 

3 

Stiffened 
(x  1010  N/m2) 

C11 

12.6 

12.9 

15.0 

15.2 

c12 

7.95 

8.27 

6.6 

6.77 

c13 

8.41 

7.25 

6.6 

5.92 

c33 

11.7 

12.0 

14.6 

14.8 

•  c44 

2.3 

4.22 

4.4 

5.68 
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In  many  practical  problems  due  to  the  enormous  difference  in  the  speed  of  propagation  of  acoustic 
or  elastic  waves  and  electromagnetic  waves,  frequencies  pertinent  to  the  former  ranging  from  a  few 
Hera  to  100  MHz  are  very  low  with  respect  to  electromagnetic  waves.  Noting  that  B  and  H  do  not 
explicitly  appear  in  the  constitutive  equations,  it  can  be  assumed  that  the  electromagnetic  field  reduces 
to  a  quasi-static  electric  field  at  frequencies  less  than  about  100  MHz.  It  is,  nevertheless,  important 
that  the  distinction  between  static  and  quasi-static  is  retained.  In  the  quasi-static  approximation,  one 
may  assume  that  the  E  field  is  irrotational,  noting  that  it  is  strictly  so  in  the  electrostatic  case. 
Assuming  that  the  electric  field  is  irrotational,  it  is  possible  to  write  down 

E  -  -V$,  (2-9a) 

with  £  being  a  scalar  potential.  In  which  case,  the  magnetic  displacement  vector 

B  -  0,  (2-9b) 

by  virtue  of  the  fact  that  VxV£  -  0.  This  implies  an  additional  relationship  between  VI;  and  S  via 
(2- lb),  and  it  can  be  shown  that 

-«jj  -  ej j  Sj,  (2-10a) 

-*U  “  e15  S4*  (2-10b) 

~*33  (Sj  ♦  Sj)  +  e^j  S3.  (2-10c) 

Substitution  of  (2-10)  in  (2-la)  yields  a  stress-strain  relationship  for  the  transversely  isotropic, 
piezoelectric  medium  which  does  not  involve  the  electromagnedc  field  explicitly  in  the  quasi-static 
approximation.  Indeed,  then  it  becomes  possible  to  state  that 

T-  «•  +  cE:  S  -  «*:  S.  (2-11) 

where  the  overbar  above  c®  signifies  piezoelectric  stiffening,  with  its  independent  elements  given  by 


C11  “  C1I  +  <e31)2/e33 

c33  "  c33  ♦  (e3I)2/e33 

(2-12a.b) 

c12  “  c12  *  (e31)2/t33 

Cj3  -  cI3  +  e3l  *33/(33 

(2-12c,d) 

c44  "  c44  *  e152/ell 

(2-12e) 

The  stiffening  can  be  considerable,  especially  in  the  coefficient  c44  as  Table  2-1  indicates  for 
BaTiOj  and  PZT-5.  In  the  quasi-static  approximation,  the  appropriate  surface  conditions  on  the 
panicle  velocity  r  -  {3/3t}u,  the  traction  force  T«o,  the  potential  \  and  its  normal  derivative  n*V£ 
must  be  satisfied. 

After  the  examination  of  the  nature  of  piezoelectric  materials,  we  are  currently  investigating  the 
damping  characteristics  as  well  as  the  phase  velocity  dispersion  patterns  of  piezoelectric  composites. 
In  obtaining  the  numerical  results,  multiple  scattering  formalism  has  been  employed  in  solving  the 
effective  wavenumber  K  (-  Kj  +iKj)  of  the  piezoelectric  composites.  The  real  part  Kj  of  K  relates  to 
the  phase  velocity  and  the  imaginary  pan  is  proportional  to  the  attenuation  rate  which  also  can  be 
converted  to  the  physical  dB  scale  if  the  sizes  of  the  inclusions  are  given. 

The  piezoelectric  composite  considered  in  this  paper  is  transversely  isotropic  piezoelectric 
material  with  properties  given  in  Table  2-2  and  the  matrix  used  is  soft  rubber  whose  properties  are 
also  shown  in  the  same  table.  Results  presented  in  Figures  1  and  2  are  for  SH  wave  incidence.  The 
resula  from  the  corresponding  problem  but  for  P  and  SV  wave  incidence  are  presented  in  Figure  3  and 
4.  However,  the  properties  for  such  a  case  are  given  in  Table  2-3. 
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Table  2-2  Material  Properties  for  Piezoelectric  Composites  (SH  Wave  Incidence) 


Case  1 

Case  2 

Pl  Otg/m3) 

6600 

7000 

p  (kg/m-5) 
C44*(N/m2) 

1100 

8.5  x  109 

1000 

8J  x  109 

cu  (N/nO 

7.0  x  107 

7.0  x  10* 

*15,(0/™) 
etl  (F/m) 

11.6 

11.6 

300  Cq 

56  Zq 

en  (F/m) 

6  *o 

20*0 

Table  2-3  Material  Properties  for  Piezoelectric  Composites  (P  and  SV  Wave  Incidence) 


Matrix 

Inclusion 

p  (kg/m3) 

1100 

5700 

eu  <N/nv 

16.6  x  I0] 

c12(N/m>  - 

7.66  x  10: 

e^j  (Coloumb/ar) 

-4.4 

t(dielectric  constant) 

<«o 

*33  , 

1450  t0 

Lame'  Constants  (N/nr) 

Case  1  X 

6.93  x  10* 

8.91  x  10* 

• 

Case  2  X 

146  x  109 

P 

6.19  x  10s 

Case  3  X 

128  x  109 

9.90  x  107 

Case  4  X 

145  x  109 

1.10  x  107 

'  8.854  x  10' 12  Farad/m 


»4n  x  10'7  Henry/m 


3.  FERRITES 

In  spite  of  the  long  history  of  the  preparation  of  ferrite  materials,  one  aspect  of  the  microwave 
characteristics  of  ferrites,  has  particurly  aroused  the  interest  of  researchers  in  recent  days,  i.e.,  the 
understanding  of  the  mechanism  by  which  electromagnetic  energy  is  dissipated  in  ferrites.  The 
presence  of  a  high  dielectric  constant  as  well  as  a  magnetic  loss  tangent  in  a  ferrite  gives  rise  to  high 
» electromagnetic  energy  dissipation,  which  can  be  fruitfully  utilized  in  the  design  of  efficient 
microwave  absorbing  composites. 

In  our  previous  work  [Varadan  <»  al.,  1985b),  the  attenuation  of  intensity  in  composite  materials 
along  the  wave  propagation  direction  has  been  shown  to  be  proportional  to  the  imaginary  part  of  the 
effective  wavenumber  K.  In  other  words,  by  appropriately  tailoring  the  ferrite  composites,  which  in 
this  study  is  through  grounding  the  sintered  ferrite  in  a  ball  mill,  and  then  mixing  with  another 
material  and  moulded,  we  are  able  to  predict  the  dispersion  characteristics  of  the  new  material.  In 
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general,  the  dispersion  characteristics  depend  on  the  effective  wavenumber  K.  Although  the  selection 
of  the  matrix  material  is  quite  important,  the  cridcal  parameter  in  the  design  of  ferrite  composites  is 
the  inclusion  material. 

Generally  speaking,  the  effective  wavenumber  K  is  determined  through  the  T- matrix  method 
[Varadan  &  Varadan,  1980],  in  which  a  transfer  function  for  studying  the  wave  scattering  as  well  as 
.  absorption  characteristics  of  a  single  inclusion  is  considered.  However,  besides  the  response  of  a 
single  inclusion,  the  low  porosity  of  ferrite  composites  introduces  interactions  among  inclusions 
when  excited  by  microwaves  and  multiple  scattering  effects  have  to  be  included  in  the  analysis. 
Current  efforts  are,  therefore,  directed  toward  the  identification  of  several  categories  of  ferrite 
composites  whose  effective  wavenumbers  yield  high  damping  coefficients  in  some  specific  microwave 
bank 

Usually,  the  commercial  ferrites  with  known  dispersion  curves  are  the  first  candidates  for  the 
theoretical  analysis.  Any  effort  in  the  preparation  of  ferrite  materials  in  improving  the  dispersion 
patterns  whose  resonance  phenomena  highly  enhance  the  attenuation  of  the  composites  is  strongly 
encouraged.  In  most  cases,  physical  properties,  in  an  effective  manner,  are  able  to  be  derived  from  the 
effective  wavenumber  K  of  the  composite  materials.  But  unfortunately,  only  the  effective  quantity  of 
the  product  of  e  and  pt,  i.e„  <£p>.  can  be  inferred  from  the  effective  wavenumber  K  of  ferrite 
composites.  Although  the  permittivity  of  ferrites  can  be  simply  obtained  using  the  Lorenz-Lorentz 
formula  [FrOhlich,  1949],  there  is  no  direct  formula,  at  least  in  the  current  literature,  which  can  be 
.  employed  to  compute  the  permeability  of  ferrites.  Therefore,  the  reason  for  not  being  able  to  derive  an 
exact  formula  for  independent  t  and  pi  is  probably  due  to  the  complex  dispersion  pattern  for  the 
permeability  of  ferrites. 

For  magnetized  ferrites,  the  electromagnetic  energy  can  be  dissipated  due  to  resonance  absorption 
[Bloembergen,  1930].  One  notices  that  when  the  signal  frequency  coincides  with  the  natural 
precession  frequency,  maximum  energy  dissipation  occurs.  In  an  infinite  medium,  the  precession 
frequency  is  determined  by  an  applied  static  magnetic  field;  therefore,  it  is  natural  not  to  expect  any 
precession  frequency,  and.  hence,  any  significant  absorption  of  microwave  energy  in  an  actual  sample. 
However,  it  is  worth  noting  that  an  effective  field  always  exists  within  a  sample  of  finite  size  due  to 
demagnetizing  effects  associated  with  sample  or  crystalline  boundaries  and  due  to  crystalline 
anisotropy. 

The  absorption  mechanism  inherited  from  the  effective  field,  referred  to  as  domain  rotation 
resonance  [Polder  &  Smit,  1933],  accounts  for  an  absorption  peak  which  occurs  in  unmagnetized 
ferrites  at  low  microwave  frequencies  (see  Fig.  5).  It  may  also  account  in  part  for  an  absorption  peak 
which  appears  at  radio  frequencies.  However,  experiments  have  shown  that  the  radio  frequency 
magnetic  loss  in  certain  ferrite  arises  from  the  so  called  domain  wall  resonance  [Rado  et  al~,  1930].  In 
Fig.  6,  there  are  two  pronounced  dispersion  regions  for  the  solid  ferrite.  One  occurs  at  low  microwave 
frequencies  while  the  other  at  radio  frequencies  (the  low  microwave  frequency  dispersion  region  is 
influenced  by  the  domain  rotation  resonance).  In  powdered  ferrite,  one  notices  that  the  low  frequency 
peak  is  completely  absent  and,  since  anisotropy  would  not  be  affected  by  powdering,  the  radio 
frequency  dispersion  cannot  be  due  to  rotation  resonance.  Instead,  it  must  therefore  be  due  to  domain 
wall  resonance.  In  low  porosity  ferrites,  domain  walls  are  easily  trapped  and  domain  wall  motion, 
consequently,  either  prevented  or  restricted.  Under  these  conditions,  any  resonance  observed  at  low 
frequencies  is  quite  possibly  due  to  domain  rotation  resonance  in  the  anisotropy  field. 

The  formalism  used  to  obtain  the  effective  wavenumber  of  a  ferrite  composite  has  been  derived 
[Varadan  et  al.,  1986],  Because  the  size  "a"  of  the  ferrite  inclusion  is  relatively  much  smaller  than  the 
incident  wavelength,  i.e,  ka  «  1,  the  long  wavelength  approximation  can  be  made  to  simplify  the 
whole  computation  algorithm.  For  the  convenience  of  the  reader,  we  will  briefly  cite  the  final  equation 
which  can  be  used  right  away  in  obtaining  the  effective  wavenumber  K. 

The  normalized  effective  wavenumber  q  (-  Kj/k2  ♦  jK,^).  according  to  our  previous 
investigation  [Varadan  et  at.,  1986]  is  given  by 
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t\  -  2{[(a-Ki-^3>+i(v-^Q+PDw+pAw-2wcUp/y1+2wcgUVyyj))/[(o-4+2?1+2^3) 

+  i(v+2?2+254+4pAw+4pDw+4PwcU/yj))}^  (3-1) 

The  normalization  factor  1^  is  the  wavenumber  in  the  matrix  material.  The  parameters  in  Eq.  (3-1)  are 
now  defined  as  follows 


a  -  c2(y  -  y^u  -  2rvyy2  v -e2(2yj  +  v-^vyyj 

-cfBy+AVyj  ^-efDy-CVyj 

^-^Cr^DVy!  _  54-cfAy-BVy! 

u-Sc-a6,v-A6  +  bd 

A  -  2(B>A)  B  .  2<Ay-B) 

C  -  2(CyD)  D  .  2(Dy+C) 

A  -  [(til,-ti2,)(2>i2'Hi13+<til"-ti2*)(2ti2'*M.j’)J/A 
B  -  [(Mi*-M2")ati2'+t1P+4ii,-ti2’)(2n2”+Ji,*))/A 
C  -  ((t1,-«2')(2£2,+€1')+(c1*-c2')(2a2-+€1-)VA- 
D  -  [(e1*-t2')g^2•+€1>(c1,-e2,)(2^2■■f«I')VA• 
d  -  (2ti2'+nl')2+(2tL2%^1-)2  A'  -  (2£2'*«132t(2t2-*«1")2 

T  -  (XA3X22X2V(X23-3X2X2‘2) 

{l  ”  *T  ,  *2-V 

P  .  (X^OXjX^  Xj-ReOtji) 

^i-^r  *i-«i’*i«r1/2 

*2  “  *2*1*2" 


»i-rr 

£  -  R«0m) 
«i-*r*i«rL 

kj  -  «oOA2*2) 


w  .  (l-c)4/(l+2e)2 
Xj'  ■  ImflCji) 

1«2  - 


Two  kinds  of  ferrite  materials,  namely  R-l  and  R-4,  prepared  by  General  Ceramics  of  Division  of 
Indiana  General  [Westpha!  tt  at.,  1972]  were  used  as  inclusion  materials  in  our  numerical  calculation. 
The  dispersion  patterns  of  R-l  and  R-4  are  presented  as  Figures  7  and  8  respectively.  The  matrix 
material  was  chosen  to  be  PVC  and  the  dielectric  constant  of  PVC  was  taken  to  be  C2  -  2«q  and  - 
|1q.  It  was  assumed  that  both  tj  *nd  P2  m  nondispetsive  and  lossless  at  the  microwave  frequencies. 
Results  for  the  imaginary  pan  Kj  are  presented,  using  the  dB/mm  scale,  in  Figs  9  and  10  for  R-l  and 
R-4  ferrites,  respectively.  In  converting  to  the  dB  scale,  the  ferrite  particle  was  assumed  to  be  0.4 
micron  in  diameter  in  each  instance.  The  peak  of  the  attenuation  of  ferrite  composites  seems  to  appear, 
for  both  cases,  at  the  frequency  having  a  minium  value  of  the  real  permeability  constant  and  is 
about  3  GHz.  This  fact  has  also  been  observed  in  our  previous  results  [Varadan  tt  al „  1986]  for 
magnetite  Fe-j04.  Although  there  is  no  rigorous  proof,  it  appears  that  this  and-resonsance  behavior 
may  be  the  mechanism  causing  a  high  attenuation  in  ferrite  composites.  Besides  the  attenuation 
pattern  of  ferrite  composites,  the  phase  velocity  dispersion  patterns  are  also  presented  for  the  R-l  and 
R-4  ferrites  in  Figs  1 1  and  12,  respectively. 

4.  CHIRAL  MEDIA 

The  final  class  of  materials  to  be  discussed  here  are  the  chiral  materials.  The  lack  of  geometric 
symmetry  between  an  object  and  its  mirror  image  is  referred  to  as  chirality  [Bohren,  1974],  and  the 
mirror  image  of  such  a  chiral  object  cannot  be  made  to  coincide  with  the  object  itself  by  any  operation 
involving  rotations  and/or  translations.  Chiral  objects  occur  in  nature,  the  readiest  available  example 
being  the  two  hands  of  the  reader.  The  most  commonly  investigated  chiral  objects,  however,  are  the  L- 
and  the  D-type  stereo-isomen  so  familiar  to  students  of  organic  chemistry.  As  a  garden-variety 
example,  the  doubly  enantiomorphic  sweetner  Nucrasweet"*,  patented  by  GD.  Searie  Company,  can 
occur  in  four  different  forms:  of  these,  the  taste  of  L-aspartyl-L-phenylamine  methyl  ester  is  sweet, 
while  that  of  D-aspartyl-D-phenylamine  methyl  ester  is  bitter  the  isomen  with  the  L-D  or  the  D-L 
configurations  are  tasteless  [Goodman,  1983].  The  basis  for  the  difference  in  the  physical  properties  of 
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Figure  6  Magnetic  spectrum  of  (a)  solid  fenamic  A  ferrite  and  (b)  70%  (by  weight)  mixture  of  fenamic 
A  panicles  and  wax  [Rado  tt  at.,  1950). 
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the  minor-conjugates  lies  in  the  handedness  or  the  chirality  possessed  by  their  molecular 
configurations.  When  an  electromagnetic  disturbance  travels  through  a  medium  consisting  of  chiral 
molecules,  it  is  forced  to  adapt  to  the  handedness  of  the  molecules.  In  other  words,  linearly  polarized 
planewaves  cannot  be  made  to  propagate  through  such  a  medium;  whereas  left-  and  right-circularly 
polarized  planewaves,  travelling  with  different  phase  velocities,  are  perfectly  acceptable  solutions  of 
the  vector  wave  equation  for  this  class  of  media. 

Though  the  phenomenon  of  chirality  is  known  only  at  the  molecular  level,  and.  therefore,  at 
frequencies  in  or  above  the  ultraviolet  range,  it  has  been  suggested  [laggard  rr  at.,  1979;  Engheta  & 
Mic kelson,  1982]  that  particles  endowed  with  chirality  can  ezist  at  even  lower  frequencies,  say,  in  the 
GHz  range.  From  recently  reported  literature,  it  appears  that  fluorogold  may  be  exhibidng  chirality  at 
a  frequency  as  low  as  30  GHz  {Birch  &  Kong,  1986],  This  is  because  chirality,  or  handedness,  is  a 
geometric  property  ;  for  example,  the  electromagnetic  response  of  a  right-handed  helix  is  different  from 
that  of  a  left-handed  one,  and  the  existence  of  chiral  particles  made  of  miniature  helices  suspended  in 
some  host  medium  has  been  investigated  [Tinoco  &  Freeman,  1937],  Furthermore,  by  embedding 
such  chiral  particles  in  a  low-loss  dielectric  medium,  that  medium,  too,  will  possess  handedness.  With 
advances  in  polymer  science,  it  is  conceivable  that  such  artificial  media  can  be  manufactured  with  ease, 
and  their  properties  tailored  by  altering  the  sizes  and  concentration  of  the  embedded  chiral  particles. 

Because  of  the  fact  that  the  chiral  media  exhibit  circular  dichroism  [Bohren  &  Huffman,  1983], 
the  usual  constitutive  relations  D  -  eE  and  B  -  pH  do  not  hold  due  to  their  incompatibility  with  the 
handedness  of  the  medium.  Instead,  the  relations  [Eyring  et  at.,  1944;  Post.  1962] 

D-eE+aeVxE  ,  B-pH+(5pVxH  (4-1) 

hold,  the  time-reversal  symmetry  of  the  fields  requiring  that  a  - 13  [Satten,  1938].  This  latter  condition 
due  to  Satten  will  be  adopted  in  the  ensuing  discussion. 

Use  is  now  made  of  the  regular  Maxwell's  equations  along  with  (4-1)  along  with  an  exp[-jwt] 
time  dependence ,  and  following  Bohren  [  1974],  the  electric  and  the  magnetic  fields  are  transformed  to 


E 

1  -j(p/e)l/I 

*Ql  " 

H 

_  i 

Qr 

•  m 

where  the  left-  (LCP)  and  the  right-  (RCP)  circularly  polarized  fields,  QL  and  QR,  respectively,  must 
satisfy  the  conditions 


{v2>kL2}Q,  -0  ; 

{V2  ♦  kR2}  Qr  -  0, 

(4-3a) 

^*Ql  "  Ql,  : 

v.ql  -0. 

(4-3b) 

VxQr  --kRQR  ; 

v.qr  -o. 

(4-3c) 

In  these  equations. 

kL-k/{l-k0  }, 

(4— da) 

kR-k/{l+k(i  }. 

(4-4b) 

k-to/{qt}. 

(44c) 

Thus,  from  (4-2)  the  electromagnetic  field  existing  in  the  chiral  medium  is  given  by 

E  -  QL-j  (p/e)I/2QR 

:  H-QR-j(e/p)1/2QL. 

(4-5) 

The  major  consideration  now  to  be  faced  is  to  find  adequate  representations  of  the  functions 
and  Qr  which  satisfy  the  conditions  (4-3).  In  a  cartesian  (x,y,z)  co-ordinate  system,  if  the  RCP  and 
the  LCP  waves  are  propagating  in  the  x-z  plane,  then,  without  loss  of  generality,  these  waves  can  be 
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set  down  as  (Lakhtakia  et  al.,  1986b] 

QL(r)  -  ( l/kL)  {ITl*,  ±  jkL«y  -  kL«j}  exp(j(icLx  ±  tl*)];  T^2  +  <L2  -  kL2,  <4-6a) 

QR(r)  -  ( l/kR)  {-  ±T^ex  ±  jkRey  +  kr«z}  exp(j(KRx  ±  7r«];  Ifc2  +  «r2  -  kR2.  (*•«» 

ex,  etc.  being  the  unit  vectors  of  the  coordinate  system.  In  a  polar  (p, 9)  co-ordinate  system,  these 
fields  can  be  conveniently  expressed  as 

QL(r)  -  f„  [Mn^D  >  Nn(kLr)];  n  -  0,  ±1.  ±2. ...  (4-7a) 

QR(r)  -  Z,,  g„  [Mn(kRr)  -  N„(kRr)];  n  -  0.  ±1.  ±2,  (4-7b) 

where, 

M„(kr)  -  V  x  {ez  expQntp]  ^Otp));  Nn(kr)  -  (l/k)V  x  Mn(kr);  (4-7c) 

fn  and  gn  are  the  unknown  coefficients  of  expansion;  and  Z,,  is  the  cylindrical  Bessel  function  of  the 
first  kind  if  the  field  has  to  be  regular  at  the  origin,  but  it  is  die  cylindrical  Hankel  function  of  the  first 
kind  provided  the  field  satisfies  the  Sommerfeld  radiation  conditions  at  infinity  [Morse  &  Feshbach, 
1953],  Finally,  in  spherical  (r,0,<p)  co-ordinates,  vector  spherical  harmonics  [Stratton.  1941]  can  be 
used  as 

OL(r)  -  fv  [M^r)  +  N^r)]  .  (4-8a) 

QR(r>  “  Zv-omn  «v  [My(kRr)  -  Nv(kRr)]  (4-8b) 

with  v  being  a  triple-index  -  <T  is  the  parity  index  (even  or  odd),  n  goes  from  1  to  — ,  while  m  ranges 
over  0  to  n.  The  spherical  harmonics  are  given  as 

Memn(kr>  “  *  {"^nOtrVsine}  Pom(cos0)  sinmtp  e9  -  zn(kr){d'd9}Pnm(cos0)  cosmtp  e^  (4-8c) 

M0mn(kr)  -  (m^CkrysinOJP^cosO)  cosmtp  e0-in(kr){d/d0}Pam(cos0)sinm<pe(tr  (4-8d) 

Nv(kr)  -  (l/k)V  x  MyQa).  (4-8e) 

In  the  foregoing  expressions,  z,,  is  the  spherical  Bessel  function  of  the  first  kind  if  the  field  has  to  be 
regular  at  the  origin,  but  it  is  the  spherical  Hankel  function  of  the  first  kind  provided  the  field  has  to 
obey  the  Sommerfeld  radiation  conditions  at  infinity;  Pgm  are  the  associated  Legendre  polynomial, 
while  fv  and  gv  are  the  unknown  coefficients  of  expansion. 

The  reflection  and  refraction  characteristics  of  planar  achiral-chiral  interfaces  have  been 
extensively  examined  (Ramachandran  &  Ramaseshan,  1961;  Lakhtakia  tt  al.,  1986b;  Silverman, 
1986],  and  it  has  been  observed  that  by  incorporating  the  chirality  parameter  (3  in  an  otherwise 
low-loss  dielectric  medium,  the  absorption  properties  of  a  planar  interface  can  be  suitably  altered, 
regardless  of  the  incident  polarisation,  and  over  a  relatively  large  range  of  the  angle  of  incidence 
[Lakhtakia  et  al.,  1986b].  Boundary  value  problems  involving  chiral  spheres  [Bohren,  1974],  spherical 
shells  [Bohren,  1975],  and  cylinders  [Bohren,  1978]  have  also  been  recently  solved.  Lakhtakia  et  al. 
[1985]  have  applied  the  T-matrix  method  [Waterman,  1969]  to  solve  for  the  scattering  and  absorption 
characteristics  of  low-loss,  dielectric,  chiral  spheroids. 

Though  the  exact  value  of  the  chiral  parameter  fi  is  not  known  for  ’chiral’  media  in  the 
microwave  frequency  range  and  must  await  experimentation  [Lakhtakia  <r  al.,  1985;  Silverman,  1986], 
we  have  observed  from  numerical  calculations  that  the  specific  value  of  P  can  change  the  scattering 
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FREQUENCY  (GHa) 

Figure  13  Normalized  absorption  cross-section,  for  a  0:2  mm  radius  chiral,  lossy  dielectric 

sphere  exposed  to  a  linearly  polarized  pianewave  as  a  function  of  frequency.  The  relative 
permittivity  of  the  sphere  t/tQ*  3.0  *  jO.l,  while  its  relative  permeability  hAIq  - 1.0. 


INCLUSION  CONCENTRATION  (l) 


Figure  14  Computed  value  of  the  coherent  attenuation  Imag  for  a  composite  in  which  the 

host  is  epoxy  [tlt0  -  4.01,  and  the  chiral  inclusions  [e/e0  -z.9  +  j0.029;  (3  -  0.0003  ml  are 
spheres  of  radius  a.  The  normalized  frequency  is  k^jS  -  0.026  for  inclusion  concentrations 
varying  from  3  - 4046.  <ig 
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characteristics  of  a  dielectric  particle  drastically.  For  instance,  shown  in  Fig.  13  is  the  absorption 
cross-section  of  a  chiral  sphere  {e/eg  -  5.0  +  jO.l}  of  radius  a  -  02  mm,  suspended  in  free  space, 
and  irradiated  by  a  linearly  polarized  planewave  for  p  2  10*®  m  and  P  »  10*^  m  over  the  50  •  300  GHz 
frequency  range.  To  be  noted  is  the  fact  that  unless  Iflc^  •  kRyk|  >0.1  inside  the  chiral  scatterer,  P 
will  not  enhance  either  the  absorption  or  the  scattering  cross-section  significantly;  if,  however,  p  is 
large  enough,  then  the  scatterer  can  appreciably  retard  the  progress  of  a  linearly  polarized  planewave 
even  though  it  may  not  be  very  lossy  itself.  Furthermore,  if  e  of  the  scatterer  is  purely  real,  no 
enhancement  in  the  absorpdon  cross-section  may  be  obtained  simply  by  the  incorporation  of  a 
non-zero  p. 

A  chiral  composite  would  consist  of  chiral  inclusions  dispersed  in  a  non-chiral  host  medium,  the 
small  chiral  inclusions  themselves  made  up  of  microminiature  helices  suspended  in  some  other,  or  the 
same,  host  medium.  As  a  wave  traverses  such  a  composite  medium,  it  will  be  multiply  scattered  by 
the  inclusions.  Besides  actual  absorpdon  inside  the  chiral  inclusions,  scattering  into  other  directions 
will  also  retard  the  progress  of  the  wave  in  the  forward  direction.  These  considerations  have  been  taken 
into  account  in  the  formulation  of  a  self-consistent  multiple  scattering  theory  employed  by  our  group. 
Shown  in  Fig.  14  is  the  computed  value  of  the  attenuation  (}  for  a  composite  in 

which  the  host  is  epoxy  (e/eg  -  4.0],  and  the  chiral  inclusions  [e/eg  -  2.9  +  j0.u29;  p  -  0.0003  m]  are 
spheres  of  radius  a.  These  computations  were  performed  at  a  normalized  frequency  of  k^0$(a  -  0.026 
for  inclusion  concentrations  varying  from  5  •  4056.  As  can  be  observed  from  the  graph,  the  presence  of 
a  non-zero  P  has  greatly  enhanced  the  coherent  attenuation  inside  the  composite.  From  the  sample 
computations  made,  it  is  clear  that  while  our  assays  of  their  utility  are  still  in  the  preliminary  stages, 
the  role  of  chiral  media  in  electromagnetic  applications  holds  vast  promise  and  merits  further 
exploration.  In  particular,  the  typical  values  of  P  for  chiral  materials  in  the  microwave  frequency  range 
need  to  be  determined  by  experimentation. 
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ABSTRACT 


We  model  the  rough  surface  as  scatterers  of  different  sites  randomly  distributed  on  an  acoustically 
transparent  plane.  This  problem  has  its  application  in  studying  the  reflectivity  of  marine  mineral 
deposits.  In  fact,  the  roughness  of  the  plane  can  be  characterized  by  various  size  distributions  of 
scatterers.  The  T-matrix,  which  is  essentially  a  scattering  transfer  function,  enables  us  to  acquire  the 
acoustic  signature  of  any  arbitrary  shaped  single  scatterer  and  is  used  to  obtain  the  frequency spectrum 
of  the  reflectivity  of  an  ensemble  of  those  scatterers.  In  this  paper,  the  backscattered  response  of  a 
random  distribution  of  scatterers  on  a  plane  subjected  to  a  normally  incident,  narrow  beamform 
acoustic  wave  is  investigated  and  the  beam  effect  on  the  average  backscattered  field  is  found  to  be 
small  and  can  be  neglected  for  further  analysis  cf  multiple  scattering  problems  of  rough  surfaces. 


1. 


INTRODUCTION 


Most  investigators  use  plane  wave  excitation  to  analyze  the  scattering  problem  from  a  plane  of 
scatterers  [Twersky,  1957,  Biot,  1968;  Hong,  1980;  Ma  et  al.,  1986],  The  results  yield  a  scattered 
wave  which  is  analogous  to  the  reflection  of  a  plane  wave  on  a  rough  surface  characterized  by  an 
equivalent  reflection  coefficient  [Twersky,  1957],  In  marine  geophysics  it  is  customary  to  use  the  ray 
theory  [Clay  et  al.,  1977]  together  with  the  plane  wave  reflection  coefficient  to  study  the  reflections  at 
sea  floor,  i.e.  rough  subbottom.  Therefore,  the  present  study  uses  the  normally  incident  plane  wave  as 
this  closely  represents  the  equipment  (see  Fig.  1)  used  in  the  remote  sensing.  The  narrow  beam 
spherical  wave  (as  an  acoustic  source)  analysis  is  done  here  to  indicate  the  accuracy  of  its  usage  and 
justify  the  plane  wave  analysis  for  the  scattering  problem.  The  normal  incidence  of  a  narrow  beam  is 
also  used  so  that  one  can  obtain  a  physical  interpretation  of  the  analysis  without  going  into  too  much 
complexity  in  mathematics.  Typical  echo  sounders  use  beam  widths  of  at  least  60  degree  for  the 
acoustic  beam  so  as  to  accommodate  the  roll  and  pitch  of  the  survey  ship.  However,  in  the  deep  sea 
sounding  environment  high  intensity  is  required  to  overcome  transmission  losses  occuring  in  the 
water  column.  In  order  to  do  this  the  narrow  beam  width  is  beneficial  because  it  concentrates  the 
acoustic  energy  into  a  smaller  area  on  the  bottom.  Therefore  in  the  market  much  smaller  beams  are 
becoming  common,  with  6  degree  being  representative  [Myers  et  al.,  1969]. 


GAUSSIAN  BEAMFORM  ACOUSTIC  WAVE 


The  acoustic  source  which  is  located  a  distance  Htbove  the  bottom  plane  (see  Fig.  2),  radiates  a 
spherically  spreading  pressure  wave  with  a  Gaussian  beamform 


Vj(R)  -  y,R0  exp[-  (ik  +  n)  1  R  -  *  |  ]exp(-  aS2)/|  R  ■ 


(1) 
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in  which  y  is  the  acoustical  potential,  a  -  (0,0,H),  p.  the  absorption  coefficient  in  the  fluid  medium 
(ocean),  Rg  the  reference  distance  (usually  one  meter),  8  the  beam  width  (in  radian),  1/|  R  •  z  |  the 
spreading  factor  and  a  the  Gaussian  beamform  coefficient  defined  as 

a -In  4/  Sjjp2  (2) 

where  S^p,  the  half  power  beam  width,  is  shown  in  Fig.  3. 

On  the  bottom  plane,  i.e.  z  -  0,  at  a  distance  rj  from  the  beam  axis  the  incident  wave  field 
becomes 

Vi(fj)  -  VaRg  exp[-  (ik  +  p)  D  ]  exp(-  a5j2yD,  (3) 

where  D  is  the  distance  between  the  transducer  and  r:.  The  incident  field  at  the  image  point,  i.e.  z  -  -H 
or  D  -  2H,  is  1 

Vj(z  -  -H)  -  vaR0  exPt-  <ik  +  P)2H  ]/2H.  (4) 

3.  SCATTERED  WAVE  FIELD 

A  single  scatterer  located  at  rj  on  the  bottom  plane  (z  -  0)  will  radiate  a  spherically  spreading 
wave  due  to  the  excitation  by  the  incident  wave.  Here  we  consider  a  planar  distribution  of  scatterers 
suspended  in  a  fluid  medium  and  this  approximation  based  on  the  fact  that  the  water-saturated 
subbottom  in  which  the  scatterers  are  actually  distributed  has  an  acoustic  impedance  that  closely 
matches  the  acoustic  impedance  in  water.  The  strength  of  the  radiated  wave  depends  on  both  the 
external  wave  field  and  the  scatterer's  characteristics  which  can  be  described  by  the  T-matrix  [Varadan 
and  Varadan,  1980].  The  backscattered  field  (0:  -  0)  at  z  •  H  of  the  single  scatterer  at  r:  can  thus  be 
defined  as  1 

uj(b.s.)  “  T  expRik  +  p)D)Vj(rjyD  -TyaRg  expRik  +p)2D]  exp(  o52)/D2.  (5) 

In  which  the  subscript  b.s.  denotes  the  backscattering  and  T  is  the  average  T-matrix  defined  as 

T(R-rj)  -  |  T(aj,  R-rj)q(aj)daj 

and  q(a)  is  the  size  distribution  function.  One  sees  from  Eq.  (5)  that  the  spreading  factor  is  now  1/D2 
for  the  scattered  field  u^b  $  y 

If  there  is  a  sparse  distribution  of  scatterers  on  the  surface,  the  total  backscattered  field  is  simply 
the  sum  of  the  fields  scattered  from  each  scatterer.  In  other  words,  the  external  field  of  each  scatterer  is 
due  to  the  incident  wave  alone  and  is  the  first  order  approximation  of  the  multiple  scattering  processes. 
The  average  total  backscattered  field  can  be  found  as 

<Ub  $  >  -  pTR0ya  J0  expRik  +p)2D]  exp(-ct5j2)/D22iirjdrj.  (6) 

where  the  axial  symmetry  and  the  polar  integration  for  a  large  area 

/A  drj  -  ^  J0  rjdTjde  -  2re  /0 

have  been  employed  and  p  is  the  number  of  scatterers  per  unit  area.  From  the  symmetry  (Fig.  2)  one 
sees 

tan  8j  -  rj  /  H 
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D2  -  H2  +  rj2  . 

Using  the  above  relationships  and  changing  the  integration  variable  by  (instead  of  rj  integration,  Sj 
integration  is  used) 

TjdTj  -  H2  [ij  /  H)  d(rj  /  H)  -  H2tan5j  sec25jdSj 

in  Eq.  (6),  the  average  of  the  total  backscattered  field  becomes 

<Ub  s  >  m  2*p  Tya  Rq  J02*  exp[-2(ik  +  p)H  sec  Sj  exp(-otSj2)tan5jd5j.  (7) 

The  integral  in  the  above  equation  can  be  done  using  the  principle  of  stationary  phase  [Lamb, 
1932],  The  magnitude  of  kH  is  always  much  larger  than  that  of  o£2  (see  Table  1  for  comparison).  For 
kH  »  1,  which  is  a  phase  control  factor,  the  integral  can  be  converted  to  the  following  form 

f2jc 

J  exp[-ikHg(8j)]  tan  Sj  dSj,  (8) 

in  which  g(5j)  -  (2  +2)i/ik)sec  Sj  +  aS;2/ikH. 

The  phase  angle  y  is  obtained  by  solving  the  Sj  which  makes 

g'(8j)  -  (2  +  2p/ik)  sec  Sj  tanSj  +  aSj2/ikh  -  0 

and  is  found  to  be  zero,  i.e.  y  -  0,  in  this  case  (in  the  interval  of  0  and  2n).  The  second  derivative  of 
g(8j)  evaluated  at  the  phase  angle  y  -  0  is 

g"(0)  -  2  +  2(i/ik  +  2a/ikH 

Using  the  stationary  phase  principle,  Eq.(8)  can  be  written  in  the  following  manner 

8fY)l0  e*p[-ikHg"(7)£2/2]£d£  (9) 

in  which  ^  is  the  parameter  in  the  Taylor  expansion  around  the  phase  angle  y,  i.e. 

g(5j)  -  g(y+  0  -  g(y)  +  g'(y)C  +  g’(Y)C2/2!  +  .... 

tan  Sj  -  tan  (y  +  £)  -  tan  y  +  sec2^  £  + ... 

Substituting  y  -  0  and  the  expression  for  g(y)  and  g’(y)  into  Eq.  (9)  one  obtains 

exp  [-ik(l  +  n/ik)2H]  JQ  exp[-ikH(l  +p/ik  +ct/ikH)£2]£d£.  (10) 

Finally  after  substituting  Eq.  (10)  into  (9)  and  carrying  out  the  integral  in  (10)  the  average  of  the  total 
backscattered  field  becomes 

<Ubj>-(2*pT/ik)(l  +  a/ikH  +  p/ik)-1  (R^expKik  +  p)2H]ya/2H).  (11) 

One  sees  from  the  above  equation  that  the  last  term  is  actually  the  incident  field  at  the  image 
point,  i.e.  z  -  -H,  comparing  with  Eq.  (3).  The  beam  effect  which  involves  in  the  second  term  a/ikH 
can  be  evaluated.  As  can  be  seen  from  Table  2  at  large  depth,  unless  a  very  narrow  beam  width  under 
the  low  frequency  is  used,  the  beam  effect  on  the  average  backscattered  field  is  very  small  and  can  be 
neglected  for  further  analysis  of  multiple  scattering  problems.  The  fust  term  is  thus  recognized  as  an 
equivalent  plane  wave  reflection  coefficient  which  relates  the  average  backscattered  field  to  the  incident 
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wave  field  by  just  a  simple  proportionality.  This  is  physically  the  phenomenon  of  the  plane  wave 
excitation  and  thus  the  validity  of  the  plane  wave  analysis  for  rough  surface  scattering  problems  has 
been  verified  through  the  narrow  beam  investigation. 
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Table  1  Comparison  between  the  Magnitudes  of  kH  and  aS^ 


Frequency 

kH 

ShP 

- 2 - 

o5 

1  kHz 

20943 

2  degree 

2807 

10  kHz 

209430 

4  degree 

701 

100  kHz 

2094300 

6  degree 

312 

H  -  5000  m,  acoustic  wave  velocity  -  1500  m/sec, 

8-90  degree 

Table  2  Beam  Width  Correction  Factor  (a/kH) 

Half  Power  Beam  Width  Sjm 

Frequency 

1  degree 

5  degree 

lOdegre 

1  kHz 

0.22 

0.0087 

0.0022 

10  kHz 

0.022 

0.00087 

0.00022 

100  kHz 

0.0022 

0.000087 

0.000022 

H  »  5000  m,  acoustic  wave  velocity  -  1500  m/sec,  6-90  degree 
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ABSTRACT 

A  multiple  scattering  theory  is  presented  using  a  T-  matrix  to  characterise  the  response  of  a 
single  inclusion  to  an  arbitrary  incident  Field.  The  multiple  scattering  series  can  be  represented  in 
diagrammatic  form.  A  partial  resummation  of  the  series  is  equivalent  to  the  Quasi-Crystalline 
Approximation  (QCA).  This  results  in  a  new  Green  s  function  or  propagator  for  the  effective  medium 
whose  singularities  or  poles  are  given  by  the  zeroes  of  the  dispersion  equation  satisfied  by  the  coherent 
field.  The  QCA  requires  a  knowledge  of  the  two  particle  pair  correlation  function  and  this  is  included 
explicitly  so  that  volume  fractions  of  scatterers  greater  than  5%  can  be  considered.  Since  all  fields  are 
generally  expanded  in  vector  spherical  functions,  keeping  functions  of  the  appropriate  polarization  one 
can  directly  use  this  formalism  for  acoustic,  electromagnetic  and  elastic  waves  by  using  the  T-  matrix 
that  is  appropriate  for  the  particular  boundary  value  problem  for  the  single  scatterer.  Excellent 
agreement  with  experimental  results  has  been  obtained  for  all  three  fields.  Recent  work  using 
non-sphencal  statistics  resulting  from  Monte  Carlo  simulation  for  a  distribution  of  spheroids  has  also 
been  implemented  in  evaluating  the  effective  wavenumber  for  media  containing  dense  distributions  of 
spheroids  which  was  not  possible  before. 

1.  INTRODUCTION 

The  average  or  effective  properties  of  a  random  medium  containing  inclusions  of  one  material  or 
voids  distributed  in  some  fashion  in  a  second  material  called  the  host  or  matrix  material  can  be 
conveniendy  studied  by  analyzing  the  propagation  of  plane  waves  in  such  materials  and  solving  the 
resulting  dispersion  equations.  Since  waves  propagating  in  such  a  two  phase  system  will  undergo 
multiple  interactions  with  the  scatterer  phase,  it  becomes  natural  to  consider  multiple  scattering  theory 
and  ensemble  averaging  techniques  if  the  distribution  of  the  inclusion  phase  is  random.  In  this  paper,  a 
multiple  scattering  theory  is  presented  that  utilizes  a  T-matrix  to  describe  the  response  of  each  scatterer 
to  an  incident  field.  The  T-matrix  is  simply  a  representation  of  the  Green's  function  for  a  single 
scatterer  in  a  basis  of  spherical  or  cylindrical  functions.  In  this  definition,  it  simply  relates  the 
expansion  coefficients  of  the  field  that  is  incident  on  or  excites  a  scatterer  to  the  expansion  coefficients 
of  the  field  scattered  when  both  fields  are  expanded  in  the  same  spherical  wave  basis  [1].  In  theory,  the 
T-matnx  is  infinite,  but  in  practice  the  T-matrix  is  truncated  at  some  size  that  depends  on  the  ratio  of 
size  of  scatterer  to  the  wavelength  and  the  complexity  of  the  geometry.  Formally  the  T-matrix 
includes  a  multi  exile  description  of  the  field  scattered  by  the  inclusion  and  this  requires  a  propagator  for 
multipole  fields  to  describe  the  propagation  from  one  scatterer  to  the  next.  Finally,  the  technique 
presented  here  is  for  a  random  distribution  of  scatterers  which  requires  an  ensemble  average  over  the 
position  of  the  scatterers  and  requires  a  knowledge  of  the  positional  correlation  functions. 

The  formalism  presented  is  generally  applicable  to  acoustic,  electromagnetic,  and  elastic  waves 


Varadan.  Varadan  and  Ma 


Multiple  Scattering  Theory  for  Acoustic  .  .  . 


The  notation  $n  -  is  used  to  represent  the  vector  spherical  functions.  The  polarization  index 

t  -  1,2,3  denotes  the  irrotational  component  and  the  two  solenoidal  components  respectively.  The 
other  indices  describe  the  multipole  nature  of  the  fields,  with  /  -  0,1,2...;  m  -  0,1,2,  ...  / ;  and  a 
denotes  the  even  or  odd  azimuthal  parity  in  spherical  coordinates.  The  acoustic  field  being  completely 
inotational  will  be  described  by  x  » 1  only,  the  elctromagnetk  field  by  t  -  2,3  and  the  elastodynamic 
field  by  t  -  1,2,3.  The  procedure  for  computing  the  T-matrix  for  each  field  has  been  described  in 
several  publications,  in  particular  we  refer  the  interested  reader  to  Varadan  and  Varadan  [2],  In  the 
multiple  scattering  formalism  that  is  presented  below,  if  proper  identification  of  the  polarization  index 
is  made  and  the  appropriate  T-  matrix  substituted,  all  three  types  of  wave  propagation  problems  can 
be  studied.  , 

Good  agreement  has  been  obtained  with  available  experimental  results  for  all  three  types  of  waves 
for  a  wide  range  of  wavelengths,  scatterer  concentration  and  properties  [3,4,5].  The  theory  presented 
here  most  closely  resembles  the  work  of  Twersky  [6,7]  and  Tsang  and  Kong  [8].  The  infinite  hierarchy 
of  equations  that  results  in  a  multiple  scattering  formalism  when  the  exciting  filed  is  averaged  has 
usually  been  truncated  by  using  the  Quasi-Crystalline  Approximation  first  proposed  by  Lax  [9].  In 
this  approximation,  which  is  shown  to  be  completely  equivalent  to  a  partial  resummation  of  the 
multiple  scattering  series,  only  a  knowledge  of  the  two  body  correlation  function  is  required.  In 
previous  studies  [10,1 1],  we  relied  on  spherical  statistics  for  hard  spheres,  generated  by  Monte  Carlo 
simulation  or  by  the  Percus-Yevick  approximation  even  for  non-spherical  scatterers.  Essentially,  this 
increased  the  exclusion  volume  surrounding  the  non-spherical  scatterer,  and  artificially  restricted  us  to 
smaller  concentrations  in  order  to  prevent  the  statistical  spheres  from  overlapping.  In  the  present 
study,  these  restrictions  are  removed  by  using  a  new  Monte  Carlo  simulation  developed  by  Steele  [12] 
for  non-spherical  scatterers,  that  is  based  on  expanding  the  two  body  correlation  functions  in  Legendre 
polynomials.  This  permits  us  to  consider  the  angular  correlations  that  exist  for  non-spherical  oriented 
scatterers.  The  final  equation  for  the  formalism  is  the  dispersion  equation  which  describes  the 
propagation  characteristics  of  the  coherent  or  average  filed  in  the  effective  medium.  The  numerical 
solution  of  this  equation  yields  the  effective  complex,  frequency  dependent  propagation  number  which 
is  also  a  function  of  the  size,  geometry  and  distribution  of  the  inclusion  phase.  The  effective 
wavenumber  is  a  function  of  the  direction  of  propagation  in  the  effective  medium  if  the  medium  is 
effectively  anisotropic.  If.  for  example  the  scatterers  are  spheres  or  if  the  non-spherical  scatterers  are 
randomly  oriented,  the  effective  medium  will  be  isotropic,  but  if  the  medium  contains  aligned 
non-spherical  scattprers  the  effective  medium  will  be  anisotropic.  The  effective  wavenumber  can  be 
related  to  the  effective  material  properties  of  the  medium  which  are  also  complex  and  frequency 
dependent  For  anisotropic  materials,  by  solving  the  dispersion  equation  for  different  directions  of 
propagation  with  respect  to  the  aligned  non-spherical  scatterers.  we  can  construct  all  components  of 
the  material  property  tensors  of  the  effective  medium  such  as  the  elastic  stiffness  tensor  or  the 
dielectric  tensor,  see  [13]. 

Numerical  results  for  aligned  and  randomly  oriented  oblate  and  prolate  spheroids  using  the  new 
correlation  functions  have  been  obtained  and  compared  with  previous  calculations  for  spheroids  that 
used  spherical  statistics.  We  forsee  important  applications  of  these  new  results  to  electromagnetic 
wave  propagation  through  aerosols,  which  are  non-spherical  and  often  consist  of  aggregates  and  also  in 
other  cases  where  non-spherical  scatterers  are  involved. 

2.  EFFECTIVE  WAVENUMBER  FOR  THE  AVERAGE  FIELD  IN  A 
DISCRETE  RANDOM  MEDIUM 

Let  the  random  medium  contain  N  scatterers  in  a  volume  V  such  that  N  — »  •»,  V  — ►  but  nQ  - 
N/V  the  number  density  of  scatterers  is  finite.  Let  u,  u°,  uCj,  uSj  be  respectively  the  .total  field,  the 
incident  or  primary  plane,  harmonic  wave  of  frequency  to,  the  field  incident  or  exciting  the  i-th 
scatterer  and  the  field  which  is  in  turn  scattered  by  the  i-th  scatterer.  These  fields  are  defined  at  a  point 
r  which  is  not  occupied  by  any  one  of  the  scatterers.  In  general,  these  fields  or  potentials  which  can 
be  used  to  describe  them  satisfy  the  scalar  or  vector  wave  equation.  Let  Re  $n  and  Ou  6n  denote  the 
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basis  of  orthogonal  functions  which  are  eigenfunctions  of  the  Helmholtz  equation,  see  Morse  and 
Feshbach  [14].  As  explained  in  the  introduction  the  subscript  'n'  is  an  abbreviated  superindex  and 
vector  notation  is  implied.  The  qualifiers  Re  and  Ou  denote  functions  which  are  regular  at  the  origin 
(Bessel  functions)  and  outgoing  at  infinity  (Hankel  functions)  which  are  respectively  appropriate  for 
expanding  the  field  which  is  incident  on  a  scatterer  and  that  which  it  scatters.  Thus,  we  can  write  the 
following  set  of  self-consistent  equations: 


N 

u°  +.X  US: 

i-i  1 


uV“si  - 


u°  +  XVj  +usi 

j*i  J  1 


u°(r) 


pexp(ikk0.r)  -  X  n  a„  Re  4>n  (r  -  r;)  , 

X„  a^Re  $n(r  -  rp;  a<  Ir-Tjl  <2a  , 

^nfi0u  V-ri> 


(1) 

(2) 

(3) 

(4) 


where  a,,  and  fn  are  unknown  expansion  coefficients.  We  observe  in  Eqs.(3)  and  (4)  that  "a"  is  the 
radius  of  the  sphere  or  cylinder  (for  2-D  problems)  circumscribing  the  scatterer  and  that  all  expansions 
are  with  respect  to  a  coordinate  origin  located  in  a  particular  scatterer. 

The  T-matrix  by  definition  simply  relates  the  expansion  coefficients  of  ue^  and  uSj  provided  u^ 
uSj  is  the  total  field  which  is  consistent  with  the-definitions  in  Eq.  (1).  Thus  [1], 


_  i-i 
“  ^n'  Tnn'  *  n' 


(5) 


and  the  following  addition  theorem  for  the  basis  functions  is  invoked, 

Ou  ♦„  (r  -  r})  -  X  „■  <T  nn.  (rt  -  rj)  Re  (r  -  Pj)  .  (6) 

Substituting  Eqs.  (2)  -  (6)  in  Eq.  (1),  and  using  the  orthogonality  of  the  basis  functions  we  obtain 

a‘  -  a'  +  X  a  (Pj  -  rj)Tjai  (7) 

j*‘ 

This  is  a  set  of  coupled  algebraic  equations  for  the  exciting  field  coefficients  which  can  be  iterated 
and  leads  to  a  multiple  scattering  series. 

For  randomly  distributed  scattered,  an  ensemble  average  can  be  performed  on  Eq.  (7)  leading  to 


a1  +  <  a  (r;  -  rj)  TJ<a.J>ij>i 


(8) 


where  <  >  ^  denotes  a  conditional  average  and  Eq.  (8)  is  an  infinite  hierarchy  involving  higher  and 
higher  conditional  expectations  of  the  exciting  field  coefficients.  In  actual  engineering  applications,  a 
knowledge  of  higher  order  correlation  functions  is  difficult  to  obtain,  usually  the  hierarchy  is  truncated 
so  that  at  most  only  the  two  body  positional  correlation  function  is  required 

To  achieve  this  simplification  the  Ouasi-Crvstalline  Approximation  (QCA),  first  introduced  by 
Lax  [9]  is  invoked,  which  is  stated  as 
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<a'>j  ■  a'  +  <  o  (rj  -  rj)  T-i<aj>j>j  ;  (10) 

an  integral  equation  for  <a‘>j  which  in  principle  can  be  solved.  We  observe  that  the  ensemble 
average  in  Eq.  (10)  only  requires  P(r:|rj),  the  joint  probability  distribution  function.  In  particular, 
the  homogeneous  solution  of  Eq.  (10)  leads  to  a  dispersion  equation  for  the  effective  medium  in  the 
quasi-crystalline  approximation.  Defining  the  spatial  Fourier  transform  of  <a‘>j  as 

<a‘>i  -  S  eiK,ri  C'(K)  dK  (11) 

and  substituting  in  Eq.  (10),  we  obtain  for  the  homogeneous  solution 

C‘(K)  -  I  Jo(ri-rj)ljp(rj|ri)eiK*(ri-rj)drj  d(K)  .  (12) 

If  the  scatterers  are  identical 

C'(  K  )  -  d(  K  )  -  C(K  )  (13) 

and  thus  for  a  non-trivial  solution  to  <a'>j,  we  require 

.  1 1  -  I  J  O(rj-rj)T)  p(rj|rj)  e1  K*tri  ~  rj>  drj  I  -  0  .  (14) 

j*> 

In  Eqs.  (12)  and  (14),  P(r:|ri)  is  the  joint  probability  distribution  function.  '  For  isotropic 
statistics, 

Plrjlri)  •  -  l  0;  Irf-rjl  <  2a  ,. 

I  8(1  ri  -  rj  I  )  /  V  ;  |  rj  -  rj  I  >  2a  ,  (15) 

where  we  have  assumed  that  the  scatterers  are  impenetrable  with  a  minimum  separation  between  the 
centers  being  the  diameter  2a  of  the  circumscribing  sphere  in  3-D  and  circle  in  2-D.  Equation  (14)  can 
hence  be  simplified  to 


I  I  -  n0  1  ct  (r  j  -  T  g  ( |  r j  -  r2  I )  e*  K*(rl  r2>  dr2  |  =0  (16) 

where  (1/V)  -  (N-l)/V  *  nQ.  The  integral  in  Eq.  (16)  is  simply  the  spatial  Fourier  transform  of 

oTg.  The  zeroes  of  the  determinant  as  expressed  by  Eq.  (16),  yield  the  allowed  values  of  K  as  a 
function  of  the  microstructure  as  determined  by  the  T-matrix,  the  number  density  nQ  and  the  statistics 
of  the  distribution  as  determined  by  the  pair  correlation  function.  In  general  K,  the  effective 
wavenumber  is  complex  and  frequency  dependent. 

In  order  to  perform  the  integration  in  Eq;-(16),  we  need  a  model  for  the  pair  correlation  function. 
For  non-spherical  scatterers,  the  pair  correlation  function  depends  not  only  on  the  length  of  the  vector 
connecting  the  centers  of  the  scatterers,  but  also  on  the  direction  of  this  vector  and  the  orientation  of 
each  scatterer.  If  the  scatterers  are  spherical,  then  there  is  no  dependence  on  direction  tfnd  orientation 
and  the  statistics  are  said  to  be  spherical  or  isotropic.  In  both  cases,  the  scatterers  are  not  allowed  to 
overlap,  i.e.  an  infinite  repulsive  potential  is  assumed  between  scatterers.  In  the  statistical  mechanics 
literature,  several  schemes  are  available  for  calculating  the  pair  correlation  function  of '  hard  '  particles. 
For  spherical  hard  particles,  analytical  results  can  be  obtained  for  sparse  concentrations  in  the  form  of 
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a  density  expansion  or  virial  series,  and  for  higher  concentrations  the  Percus-Yeviclc,  the 
self-consistent  approximation,  and  Monte  Carlo  simulations  have  all  been  used  for  distributions  of 
spheres,  see  [10,1 1],  If  spherical  statistics  are  used,  then  the  so  called  "hole  correction  integral'  on  the 
excluded  surface  can  be  done  analytically,  resulting  in  a  matrix  that  is  diagonal.  This  simplifies  some 
portions  of  the  calculation  considerably.  Results,  explicidy  for  non-spherical  scatterers  are  not  readily 
available,  and  in  previous  calculadons,  we  artificially  surrounded  the  non-spherical  scatterer  by  a 
transparent  sphere  that  enclosed  it,  or  considered  a  sphere  of  equivalent  volume.  In  the  first 
approximation,  the  non-overlap  of  the  statistical  spheres  severely  limited  the  concentrations  that  we 
could  consider,  and  the  second  approximation,  although  better  than  the  fust  did  not  lead  to  satisfactory 
results  at  volume  fractions  exceeding  10%. 

It  is  interesting  to  examine  what  type  of  multiple  scattering  terms  contribute  to  the 
quasi-crystalline  approximation.  If  Eq.  (8)  is  iterated,  we  obtain 

<ot’>j  -  a1  +  <Ijati  T-i  ai>j 

♦  <Sj*i  o*j  T*  <  £k5tj  o>kTk  ak> jj  >i  +  •  • .  (17) 

here  the  abbreviation  a1!  «  a  (rj-rj)  has  been  used,  and  matrix  multiplication  is  implied  throughout. 
We  recall  that  cr  and  T  are  suitably1  truncated  matrices  and  a  and  a  are  suitably  truncated  vectors. 
Suppose  the  QCA  is  invoked  for  each  term  in  Eq.  (17).  i.e. 

<oikTkak>ij  =  <<jikTkak>j  .  .  (18) 

Then  we  note  that  only  two  body  correlations  are  required  and  the  multiple  scattering  series  in  Eq.  (17)r 
can  be  easily  summed  by  spatial  Fourier  transform  techniques  using  the  convolution  theorem. 
Symbolically,  the  multiple  scattering  series  in  Eq.  (17)  may  be  represented  as 

<ai>  ai  +  ;  ...  (lT) 

j  j  k  j  k  / 

where  • — •  denotes  o^,,  denotes  p(r:  [  r^),  denotes  T*  and  •♦-denotes  ak.  Eq.  (17) 

or  its  alternate  form  (17j  can  be  summed  and  written  as  k 

<a‘>j-  J  [l-nQJ  c(x)  T  g(x)  e_iK*x  dx  ]  _1  (exp  IKt;)  a'  dK  .  (19) 

In  Eq.  (19),  the  matrix  inverse  is  the  spatial  Fourier  transform  of  the  Green's  function  or 
propagator  for  the  effective  medium  in  the  QCA  as  given  in  Eq.  (13).  The  dispersion  equation  for  the 
medium  is  given  by  the  zeroes  of  the  spatial  Fourier  transform  of  the  Green's  function.  Thus,  the 
dispersion  equation  resulting  from  Eq.  (19)  is  identical  to  the  one  obtained  from  Eq.  (15). 

The  dispersion  equation  as  given  in  Eq.  (16)  is  very  well  suited  for  computation.  Using 
appropriate  forms  of  the  basis  functions  6n  which  are  solutions  of  the  field  equations,  the  T-matrix  of 
the  single  scatterer  can  be  computed;  for  example,  see  Varadan  and  Varadan  [2).  The  translation  matrix 
a,  although  complicated  in  form  for  cylindrical  and  spherical  functions,  can  nevertheless  be  computed 
in  a  straight  forward  manner.  The  spatial  Fourier  transform  of  a  T  g  is  fairly  easy  to  compute  because 
the  integrand  is  well  behaved  for  large  values  of  the  interparticle  distance.  In  the  results  presented  for 
different  types  of  wavefields,  tabulated  Monte  Carlo  values  for  impenetrable  spheres  [15]  were 
substituted  for  g  at  various  concentrations.  The  roots  of  the  resulting  determinant  were  found  using 
Muller’s  method  by  giving  initial  guesses  using  the  analytic  expressions  for  K  which  can  be  obtained 
from  Eq.  (15)  in  the  long  wavelength  limit.  The  real  and  imaginary  parts  of  the  effective  wavenumber 
can  be  related  respectively  to  the  phase  velocity  and  attenuation  in  the  effective  medium.  The 
attenuation  is  due  to  geometric  dispersion  or  scattering  which  may  be  further  enhanced  if  there  are 
losses  associated  with  the  material  properties  of  the  scatterer  and/or  the  host 
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In  recent  years,  considerable  progress  has  been  made  in  Monte  Carlo  simulation  to  describe  the 
statistics  for  non-spherical  hard  ( impenetrable  )  panicles  by  Steele  [12].  He  has  expanded  the  joint 
probability  functions  in  a  series  of  spherical  harmonics  and  radial  functions  with  unknown 
coefficients.  The  coefficients  are  evaluated  directly  in  the  Monte  Carlo  simulation.  For  aligned  prolate 
and  oblate  spheroids,  these  results  have  just  become  available.  The  excluded  volume  for  these 
geometries  is  also  spheroidal.  The  hole  correction  integral  can  only  be  done  numerically,  and  the 
resulting  matrix  is  no  longer  diagonal.  This  has  been  implemented  in  calculations  of  the  effective 
wavenumber  in  media  containing  random  distributions  of  aligned  spheroidal  particles  [19],  It  can  be 
seen  that  correct  statistics  conforming  to  the  shape  of  the  panicle  is  needed  to  get  correct  results  at 
volume  fractions  exceeding  5%. 

3.  NUMERICAL  RESULTS 

In  this  paper  we  have  given  a  general  formalism  to  describe  multiple  scattering  of  waves  in  a 
discrete  random  medium,  which  leads  to  a  dispersion  equation  that  is  numerically  tractable  for 
acoustic,  electromagnetic  and  elastic  waves.  Here  we  simply  refer  the  reader  to  several  papers  that 
already  contain  numerical  results  for  the  phase  velocity  (  real  pan  of  the  effective  wavenumber)  and 
attenuation  ( imaginary  pan  of  the  effective  wavenumber ).  The  attenuation  of  the  coherent  filed  in  the 
random  medium  may  be  due  to  real  losses  associated  with  the  lossy  properties  if  any  of  the  scatterers 
but  is  also  due  to  geometric  dispersion  or  multiple  scattering.  Thus  a  composite  material  is  effectively 
lossy  even  if  the  constituent  phases  are  non-lossy.  The  numerical  results  that  have  been  published  are 
for  spherical  and  spheroidal  panicles  that  are  randomly  distributed  at  volume  fractions  in  the  range  of  0 
-  45%  whose  sizes  are  comparable  to  the  wavelength  of  the  propagating  wave.  The  spheroidal 
scatterers  can  be' aligned  [16],  or  randomly  oriented  [17].  At  the  volume  fractions  considered,  multiple 
scattering  and  the  effects  of  statistical  correlations  cannot  be  ignored  and  were  crucial  in  the  excellent 
agreement  we  obtained  with  experimental  results,  for  acoustic  waves  see  [18],  for  lectromagnetic 
waves,  see  [3],  and  for  elastic  waves  see  [5]. 

(a)  Acoustic  properties  of  a  two  phase  fluid 

The  scatterers  in  this  case  can  be  penetrable  elastic  solid  or  fluid  particles,  acoustically  hard  or 
acoustically  soft  spheres.  The  adiabatic  compressibility  of  the  effective  medium  can  be  obtained  from 
the  definition 


K2  (to)  <X>  <p> 

k2  '  P0 


(20) 


where  k  is  the  wavenumber  in  the  host  medium,  <p>  -  (1  -  c  )  p0  +  c  ps  ,  the  average  mass 
density,  p^  and  ps  being  the  density  of  the  host  and  scatterer  materials,  x0  is  the  adiabatic 
compressibility  of  the  host  material,  <%>  is  the  effective  compressibility  of  the  composite  fluid  and  c 
the  volume  fraction  of  scatterers.  For  the  case  of  a  random  distribution  of  bubbles  in  water,  excellent 
agreement  has  been  obtained  with  the  experimental  results  of  Silberman  [18]  (see  Figure  1).  The 
calculations  reproduce  the  long  wavelength  bubble  resonances  that  result  in  an  anomalous  dispersion 
of  the  phase  velocity  and  a  peak  in  the  attenuation  as  a  function  of  frequency. 

(b)  Effective  properties  of  structural  composites 

In  a  fiber  reinforced  composite,  for  P  -  (longitudinal),  SV  -  (transversely  polarized  shear  wave) 
and  SH  -  (shear  waves  polarized  parallel  to  the  fibers)  wave  propagation,  if  the  fibers  are  circular  and 
parallelly-oriented,  the  effective  medium  is  transversely  isotropic  and  will  be  characterized  by  five 
elastic  constants.  By  calculating  Kp,  KJV  and  Ksj,,  three  of  the  five  elastic  constants  can  be  found  as 
a  function  of  frequency,  fiber  geometry  and  concentration.  If  wave  propagation  along  the  fibers  is 
considered,  then  the  remaining  constants  can  also  be  found.  In  the  long  wavelength  limit  analytical 
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Figure  1  (a)  Norm  allied  phase  velocity  versus  nondimensional  frequency  ka  for  bubbles  in  water 

(Ref.  [19]). 

(b)  Coherent  attenuation  vercus  nondimensional  frequency  ka  for  bubbles  in  water 
(Ref  (19J). 
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Figure  2  (a)  Real  pan  of  shear  modulus  versus  nondimensional  frequency  (Ref.  [13)). 

(b)  Imaginary  part  of  shear  modulus  versus  nondimensional  frequency  (Ref  [13]) 
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Figure  3  Comparison  between  theory  and  experiment  -  phase  velocity  versus  frequency  for  lead 
spheres  in  Epon  828-Z  (Ref.  [5]). 


Figure  4  (a)  Coherent  attenuation  versus  concentration  for  latex  spheres  in  water  for  ka  <  1 

(Ref.  [3]). 

(b)  Coherent  attenuation  versus  concentration  for  latex  spheres  in  water  for  ka  >  I 
(Ref.  (3)). 
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Figure  5  (a)  Phase  velocity  versus  concentration  c  for  Revacryl  dispersions  in  distilled  water  at 

wavelength  -  546  nm  (Ref.  [4]). 
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Figure  5  (b)  Coherent  attenuation  versus  concentration  c  for  Revacryl  dispersions  in  distilled 

water  at  wavelength  »  410  and  546  nm  (Ref.  [4]). 
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shown  in  Figure  2  are  calculated  effective  shear  moduli  for  boron  fiber  reinforced  aluminum 
composites. 

(c)  Effective  elastic  properties  of  particulate  composites 

For  spherical  particles  randomly  distributed  in  a  host  material,  the  composite  material  is 
effectively  isotropic  and  hence  characterized  by  two  effective  elastic  constants  which  can  be  obtained 
by  solving  the  dispersion  equations  for  1C  and  Ks,  see  [5,20],  Here  again  for  particulate  composites, 
we  have  obtained  excellent  agreement  with  the  experimental  results  of  Kinra  who  measured  the  phase 
velocity  as  a  function  of  frequency  for  a  distribution  of  lead  spheres  in  epoxy  [5]  (see  Figure  3). 

(d)  Effective  dielectric  properties  of  dielectric  composites 

For  a  random  distribution  of  dielectric  or  metal  spheres  distributed  in  a  dielectric  host  material, 
the  medium  is  effectively  isotropic  and  characterized  by  just  one  dielectric  function  which  can  be 
obtained  from  the  effective  wavenumber  K  via  <e>  -  e  _<K>^/  k^,  where  eQ  is  the  dielectric  function 
of  the  host  material,  see  [16],  For  a  dense  distribution  of  polystyrene  spheres  in  air  again  we  obtained 
excellent  agreement  with  the  experimental  results  of  Ishimaru  [3]  (see  Figure  4).  For  optical 
experiments,  our  theoretical  results  compared  extremely  well  with  those  obtained  by  Killey  and 
Meeten  [4]  (see  Figure  5). 
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Abstract— Electromagnetic  wave  prop«(*tloa  la  a  medium  coauiaing  a 
random  dblriballoa  of  aligned,  pair-correlated  nonspherical  scalterera  U 
studied  using  the  T-matrU  to  characterize  the  single  scatterer  response,  the 
quaskirstalllne  approximation  (QCA)  and  the  correlation  Inaction.  The 
resulting  dispersion  equation  lor  the  average  medlam  Is  aamericallr  solved 
as  a  lunctlon  ol  frequency  and  the  direction  of  propagation.  Numerical 
results  arc  presented  for  the  attenuation  of  electromagnetic  waves  versus 
frequency,  concentration,  and  direction  of  propagation. 


INTRODUCTION 

It  is  well-known  that  in  a  medium  with  microstructure  in  the 
form  of  discrete-random  inhomogeneities,  electromagnetic  waves 
undergo  attenuation  as  well  as  dispersion.  If  the  inhomogeneities 
are  either  spherically  symmetric  or  randomly  oriented,  the 
medium  is  macroscopically  or  on  the  average  isotropic  The 
attenuation  and  phase  velocity  are  independent  of  the  direction 
of  propagation.  However,  the  medium  can  be  effectively  aniso¬ 
tropic  if  the  scatterers  are  nonspherical  and  aligned.  In  this  case 
the  propagation  characteristics  of  the  medium  are  a  function  of 
the  angle  with  respect  to  the  axis  of  alignment  (taken  as  the  z- 
axis). 

Such  problems  have  been  studied  in  detail  by  Twersky  (1), 
(2)  for  both  acoustic  and  electromagnetic  waves.  He  has  pre¬ 
sented  analytical  results  for  elliptical  cylinders  and  ellipsoids 
in  the  long  wavelength  approximation  including  the  effects 
of  the  pair  correlation  function.  The  formulation  that  we  pre¬ 
sent  is  quite  similar  but  is,  however,  more  suited  [3]  for  numeri¬ 
cal  computations  at  higher  frequencies  requiring  smaller  matrices 
to  yield  convergent  results.  The  dispersion  equation  that  we  solve 
numerically  is  compared  to  that  obtained  by  Twersky.  Both 
treatments  rely  on  the  quasicrystalline  approximation  (QCA) 
to  break  the  heirarchy  of  equations  for  the  ensemble  average 
of  the  field  exciting  a  particular  scatterer.  As  a  result  only  a 
knowledge  of  the  two  particle  correlation  function  is  required. 
In  a  recent  report  [4]  we  have  shown  what  type  of  multiple 
scattering  processes  are  included  in  the  QCA  and  which  ones 
are  neglected.  The  response  of  a  single  scatterer  to  the  field 
exciting  it  is  characterized  by  a  T-matrix.  The  T-matrix  is  numeri¬ 
cally  generated  on  a  basis  of  vector  spherical  functions  using 
Waterman’s  extended  boundary  condition  method  (5),  [6], 
Earlier  work  using  this  general  scheme,  was  restricted  to  randomly 
oriented  nonspherical  scatterers  or  for  wave  propagation  restricted 
to  the  alignment  axis  [8] —[11],  Numerical  results  are  presented 
for  aligned  spheroidal  scatterers  as  a  function  of  frequency, 
volume  fraction  of  scatterers  and  the  direction  of  propagation. 
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Very  recently  Tsang  [12]  has  also  reported  some  results  for  non¬ 
spherical,  randomly  oriented  particles. 

Wave  Propagation  in  Media  with  Aligned  Nonspherical  Scatterers 

Consider  an  isotropic  medium  characterized  by  a  refractive 
index  \fe  in  which  aligned  rotationally  symmetric  scatterers 
are  randomly  distributed.  The  rotational  axis  of  symmetry  is 
taken  to  be  the  z-axis.  Plane  harmonic  waves  of  frequency  cj, 
propagate  in  the  direction  k0(a,  0).  If  U°,  £/*,  and  U*  specify 
the  incident  field,  the  field  exciting  the  /th  scatterer  and  the  field 
scattered  by  the  rth  scatterer  respectively,  then  self-consistency 
requires  that 

U*t  =0°  +  2#/-  U) 

l+i 

The  exciting  and  scattered  fields  are  expanded  on  a  basis  of 
vector  spherical  functions,  as  follows  [6] : 

2 

t/f(r)  =  £  2  “wmtr  Re  Irlmotf-  fi).  I  '  ~  'i  1  < 

T -  I  Im  Q 

(2) 

2 

U‘(r)  =  22  frtmo0u^rtmo^  -  ?/).  \r-r,\>2a 

T'-'lma  (3) 

where  r,  denotes  the  center  of  the  rth  scatterer  and  a  is  the  radius 
of  the  circumscribing  sphere. 

Using  the  extended  boundary  condition  method  [51  we  can 
derive  a  T-matrix  to  relate  the  unknown  coefficients  a  and  / 
as  follows: 

f rtma~  2/  ^rtm  a.r’f  t  m  a 

t  '(  m'o 

where  T*,  the  T-matrix  of  the  rth  scatterer,  depends  only  on  the 
frequency  gj  and  the  geometry  and  nature  of  the  scatterer. 

Substituting  (2),  (3),  and  (4)  in  (1)  and  using  the  translation 
addition  theorem  for  the  vector  spherical  functions,  we  obtain 

<*'  =4nilAn(k0)eik'ko'T< 

+  2  2  2  °n'n(ri  ~  rj)^n' n,,0tn"  (5) 

/ W I  ft’  n" 

where  the  abbreviated  index  n  represents  the  set  (r,  I,  m,  o}, 
A„  are  vector  spherical  harmonics,  A  ,  =  rVYlma,  A2  =  r  X  A  , . 
and  on  n  is  the  translation  matrix  [9] . 

A  configurational  average  is  performed  in  (5)  over  the  random 
positions  of  the  scatterers  and  the  QCA  is  invoked  in  the  usual 
manner  [9] .  For  identical  scatteres,  we  obtain 

^  2)  T*n’ n"  J (  —  fj) 

l*i  n  n"  1 

bf',  I  ',)<*)  (6) 
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where  p(ry| r,)  is  the  conditional  probability  distribution  func¬ 
tion  and  (ap- >;  is  the  conditional  expectation  of  a„  with  a  scal- 
terer  fixed  at  r~. 

The  average  exciting  field  is  assumed  to  propagate  with  the 
wavenumber  K  of  the  effective  medium.  K  =  K\  +  iKi  is  a  com¬ 
plex  frequency  dependent  function  unlike  the  wavenumber  k  = 
cj /c  of  the  host  medium.  Thus 

n  (7) 


The  four  quantities  Bll,t,  B22,t,  Sl2,t,  B21,t  are  vestiges 
of  the  translation  matrix  after  the  angular  and  radial  parts  luve 
been  absorbed  in  the  integration.  Expressions  for  them  may  be 
found  in  terms  of  the  Wigner  coefficients  and  are  given  below : 


<ai>,  =  Xne“ 

when  substituted  into  (6)  permits  us  to  evaluate  a  portion  of  the 
integral  for  impenetrable  particles,  i.e.,  p(fj\ rt)  =  0  if  |f/  —rj |  < 
2a  and  p(ry|rj)  =  (1/V)g(lfi  -  rj  1)  for  \rt  -  \  >  2a  where  V 

is  the  large  volume  of  the  system  such  that  the  number  density 
n0(=NjV)  is  finite.  For  details  we  refer  to  our  earlier  work 
in  [9] .  the  difference  in  this  case  being  k0  z. 

If  the  scatterers  are  rotationally  symmetric,  then  the  ^matrices 
are  diagonal  in  the  azimuthal  index,  i.e.,  m  =  m" .  In  this  case 
we  can  assume,  without  loss  of  generality,  that  k0  is  in  the  x  - 
z  plane  since  there  is  a  complete  symmetry  in  the  x  -  y  plane. 
Further  there  is  a  very  simple  relationship  between  the  dispersion 
equations  that  result  for  wave  propagation  with  polarization 
parallel  to  the  x  -  z  plane  and  perpendicular  to  the  x  -  z  plane. 
For  this  case  (7)  when  substituted  into  (6)  results  in  the  following 
equations  for  the  coefficients  XUma  and  Y2//no: 

XUm,  ~  " 


=  nu  2  2a 

s 

1  liTTro.wox: 

l'm'  r 

A=  If  —  /I 
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.(*•)(- 

-l)m  - 
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+  (T T/'e.l/1 f 

yft 1 

oAiTo 

+ 

ym ' 

,2reAJI~ 

■{B2'-+Yk, 

m  '  -  m  ,< 

r(ko)(~ 

l)m 

[  16ira2 

-  B2x'~Yk 

m  ’  +m  ,e 

(ko))l 

k2  -  X2 

.,(**)} 


and 


(JH)X  +  4*4j 
(8a) 


Xllme  n(i  Z  Z  '  (f77/'0  ,|  l"o  X™~0 

I'm'  /'  A  =  |f-/| 

,.r(*o  )(-!)" 


+  T?,o.7rtX?re}{B'2-*YK, 

Bl2-YKm:mie(k0)) 


+  {TZ.,u~oX?ro  +  r?ltirtxzre} 


■{B12'*YKm-_m.e(k0)(- 1)" 


+  B 
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.CM}] 


16  na2 


-pi 


where 

(JH)X  =  kj  k(2Kaf\\{2ka ) 
-  Kj\(2J(a)hx(2ka) 


(8b) 

(9) 


and 


^  =  /  [«Of)-l)  /K(Xx)hK(kx)x2  dx. 

J2  a 


(10) 


S'*-1  =B22-t  =(-l) 


(it^fl,  Cm  ' l^Cm '  i  m  )‘/J 

(2/  +  1)(2/  +  1)(2X+  1)' 


1(1+  \)t(t  +  1) 

("  T.  '  x) 

\0  0  0/\m  m+m  j 

[l'(t+l)  +  l(l+  1)-X(X+  1)] 


1/2 


01) 


and 


B12-1  =  B2  *■*  =  (—\)mtm(irememl4em'tm)ll2il~r*K* 
1(2/  +  1)(2/*  +  1)(2X  +  1)1  1  / 2/  t  l 

1  Kl+lW+l)  J  \0  C 

•('.  '  x.) 

\  m  +m  m  ?  m  ) 


X  -  1 
0 


[Xl-(r-/)J]‘/J[(/'  +  /+  l)2  -X2]1'2.  (12) 


Equations  (8a)  and  (8b)  may  be  written  in  vector  matrix  nota¬ 
tion  in  the  form 


Xi  -MjjXj.  (O) 

The  dispersion  equation  for  the  effective  medium  then  becomes 
\Sii-Mii(ca,K,ko)\  =  0  (14) 


where  Mlt  itself  is  an  infinite  matrix  for  each  t,  /.  The  determinant 
tal  equation  must  be  solved  numerically  using  suitable  forms  of 
the  pair  correlation  function  *(*),  for  given  u>,  i0,  n0,  and  T. 
It  is  seen  that  the  solution  will  depend  explicitly  on  the  direction 
of  wave  propagation  k0,  rendering  the  medium  effectively  aniso¬ 
tropic. 


RELATIONSHIP  TO  TWERSKY'S  D1SPERSON  EQUATION 

In  a  series  of  papers,  Twersky  [1],  (2)  has  derived  the  dis¬ 
persion  equation  invoking  the  quasi  crystalline  approximation  and 
including  the  effects  of  pair  correlation  for  both  acoustic  and 
electromagnetic  wave  propagation  in  pair  correlated  random 
distributions  of  aligned  scatterers.  For  spherically  symmetric 
statistics,  i.e.,  requiring  a  spherical  excluded  volume  even  for 
nonsphertcal  scatterers,  we  can  show  that  the  dispersion  derived 
by  Twersky  [2]  is  identical  to  (8a)  and  (8b)  when  the  scattered 
field  is  written  as  an  expansion  in  vector  spherical  harmonics. 

In  [2,  eq.  (81)],  the  dispersion  equation  for  electromagnetic 
wave  propagation  in  aligned,  random  distributions  is  given  as 
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where  in  our  notation 
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are  the  scattered  field  coefficients. 
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is  the  T-matrix  of  an  individual  scatterer  and  the  two  symbols 
Cx  and  C2  are  related  to  the  Fourier  transform  of  the  product 
of  the  pair  correlation  function  and  the  translation  matrix  as  in 

(6). 

In  the  notation  of  the  present  paper  and  the  abbreviated  index 
notation  we  may  write  Twersky's  equation.  (15a)  (15b).  in  the 
form 


(16) 


We  note  that  (8a)  and  (8b)  may  be  multiplied  from  the  left  by 
the  T-matrix,  so  that  the  dispersion  equation  is  in  terms  of  the 
average  scattered  field  coefficients  rather  than  the  exciting 
field.  Thenusing </^(/  “  can  rewrite  the 

dispersion  equation  in  the  form 

r„=a„  +  no  2  T„„-  f a„'n-(rij)e'K*°  ^  Xn^H  ()  d'r 

n'  n"  ' 

(17) 

We  further  note  that  using  the  integral  representation  of  the 
vector  spherical  functions  the  translation  matrix  can  be  written 
m  the  form 


=  2/. 

(-ir'  +  6Trre'*^; 


Onn'(kx)  ~  2  J  dy  A„(y)  •  A„  (y) [i(l 

Ct 


«rr) 


(18) 


where  C.  are  the  contours.  Using  properties  of  the  scalar  pro¬ 
ducts  of  vector  spherical  harmonics  of  the  same  argument  as  given 
for  example  by  Twersky  [2] ,  we  can  show  that 


(kx)e‘Kk°'xg{\x\)<ix  = 


C, 

_C2 


-C, 

Ci_ 


(19) 


as  defined  in  (2,  eq.  (80)1  s°  that  the  dispersion  equation  derived 
here  is  identical  to  that  of  Twersky. 


RESULTS  AND  DISCUSSION 

The  dispersion  equation  (14)  was  programmed  on  an  IBM 
370  The  main  parts  of  the  program  consist  of  subroutines  that 

1)  generate  the  r-matrix  for  a  given  w  and  shape  of  scatterer, 

2)  set  up  the  matrix  -  My,  3)  special  function  programs, 
4)  determinant  solver,  5)  complex  root  finder  based  on  Muller’s 


Fig.  I  Plot  of  >ltemuiion  versus  normalized  wavenumber  for  a  distribution 
of  aligned  spheroids  for  wave  propagation  at  a  -  58.3*  and  a  »0- 


method  and  a  main  program  that  specifies  the  parameters  u. 
n0,  a,  k0  and  the  shape  and  nature  of  the  scatterer.  The  root 
finder  returns  the  value  of  K  =  Kx  +  iK2  that  renders  |  8/;-  - 
Mi/ 1  =  0.  This  is  then  the  complex,  frequency  dependent  effec¬ 
tive  wavenumber  of  the  medium.  Although  simple  relations 
exist  between  the  dispersion  equations  for  parallel  and  per¬ 
pendicular  polarization,  the  resulting  wavenumbers  /f11  and  Kl  are 
in  general  different. 

The  truncation  sizes  of  both  T  and  M  are  varied  till  con¬ 
vergence  is  obtained.  The  computation  is  more  time  consuming 
than  for  the  case  when  ka  -  z  because  an  additional  summation 
on  the  azimuthal  index  is  involved,  i.e.,  the  aximuthal  modes 
are  no  longer  uncoupled.  This  involves  the  storage  of  fairly  large 
matrices.  Typical  computation  time  for  a  lossless  oblate  spheroidal 
dielectric  scatterer  of  aspect  ratio  2:1  with  the  dielectric  constant 
er  =  3.168  for  a  given  co,  n0  and  ka  is  about  60  s  after  the 
program  has  been  tested  for  the  correct  matrix  size. 

We  now  present  results  in  the  form  of  plots  of  the  imaginary 
part  of  the  relative  effective  dielectric  constant  (e>  as  a  function 
of  ka  =  t oa/c,  k, ,(a,  (3  =  0)  and  c  =  n04na3/3  where  a  is  the  semi- 
major  axis  of  the  oblate  spheroid  of  aspect  ratio  2:1  and  1.25:1. 
We  recall  that  <e>  =  K2/k2,  at  ka  —  1.7  when  a  crossover  occurs. 
In  Fig.  1,  the  attenuation  given  by  Im  (K/k)  is  plotted  at  a  func¬ 
tion  of  ka  for  both  parallel  and  perpendicular  polarization  for 
a  =  58.3°  and  c  =  0.21 .  Also  included  in  the  figure  is  the  attenua¬ 
tion  for  o  =  0  and  aspect  ratio  1.25:1.  In  Fig.  2  the  attenuation 
is  plotted  as  a  function  of  a  varying  from  0°  to  90°.  The  attenua¬ 
tion  is  a  slowly  varying  function  of  a  and  is  maximum  at  o  =  0°. 

In  Fig.  3,  the  complex  plane  plot  of  the  relative  effective 
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Fig  4  Complex  plane  plot  of  the  dielectric  constant  at  different  frequencies 
for  aligned  spheroids. 

dielectric  constant  <«>  is  plotted  for  perpendicular  polarization 
for  both  a/b  =  2.0  and  125  In  Fig  4,  the  complex  plane  plots 
of  <e)  are  shown  for  or  =  58.3°  for  parallel  and  perpendicular 
polarization  Fig.  5  shows  the  comparison  of  our  results  with 
those  by  other  methods.  The  curve  denoted  as  “Twersky”  re¬ 
sulted  from  computations  based  on  Twersky's  formalism  as 
given  in  [2]  The  curve  marked  “self-consistent,"  uses  the  self- 
consistent  approximation  to  the  pair  correlation  function  (see 
[10))  and  Monte  Carlo  computations  for  the  pair  correlation 
as  given  by  Barker  and  Henderson  [13]  were  used  for  purposes 
of  comparison  All  curves  are  in  good  agreement  for  the  range 
of  parameters  considered 

In  conclusion,  we  have  demonstrated  a  scheme  for  computing 
the  complex  propagation  characteristics  of  a  medium  that  is 
effectively  anisotropic  Although,  the  effects  are  not  dramatic, 
there  is  a  significant  (measurable)  difference  between  the  results 
for  parallel  and  perpendicular  polarization.  The  effect  of  polariza¬ 
tion  is  more  significant  than  that  of  propagation  direction. 
Finally  we  have  also  discussed  how  our  dispersion  equation  for 
a  medium  with  pair  correlated  aligned  scatterers  compares  with 
Twersky's  equation  for  the  same  system. 
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Fig.  3  Companion  of  our  results  with  those  by  other  methods  at  ka  -  0.05 
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Multiple  scattering  of  elastic  waves  by  cylinders  of  arbitrary  cross 
section.  II.  Pair-correlated  cylinders 
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Multiple  scattering  of  elastic  waves  by  randomly  distributed  cylinders  of  arbitrary  cross  section 
has  been  considered.  Because  the  pair-correlation  function,  as  well  as  the  quasicrystalline 
approximation,  has  been  incorporated  in  the  presented  formalism,  the  effective  phase  velocity,  as 
well  as  the  coherent  attenuation  in  dense  systems,  has  been  investigated.  A  more  efficient 
scattering  formalism  (SF)  has  been  employed  rather  than  the  exciting  field  formalism  (EF)  used 
earlier  by  the  authors.  Closed  form  expressions  for  the  phase  velocity  and  the  attenuation  are 
given  in  the  Rayleigh  limit,  and  numerical  results  are  presented  for  a  wide  range  of  frequencies 
and  concentrations. 

PACS  numbers:  43.20.Fn 


INTRODUCTION 

In  a  previous  paper, 1  we  presented  an  exciting  field  mul¬ 
tiple  scattering  formalism  for  cylinders  using  the  concept  of 
a  scattering  operator — the  7' matrix. 2  This  formulation  used 
the  T  matrix  to  characterize  the  scattering  by  a  single  isolat¬ 
ed  scatterer  followed  by  configurational  averaging  tech¬ 
niques.  Lax’s  quasicrystalline  approximation  (QCA)3  was 
used  to  truncate  the  resulting  hierarchy  of  equations.  This 
yielded  a  set  of  “hole  correction"  integrals  which  were  evalu¬ 
ated  analytically,  and  the  extinction  theorem  was  invoked  to 
yield  the  dispersion  relation  characterizing  the  bulk  or  effec¬ 
tive  properties  of  the  medium  which  was  solved  numerically. 
Computations  of  the  effective  coherent  wave  attenuation  as 
a  function  of  the  nondimensional  wavenumber  ka  ("a”  being 
a  characteristic  dimension  of  the  obstacle)  were  presented  in 
Ref.  1  for  various  concentrations  (c).  The  formalism  based  on 
a  sparse  distribution  of  correlated  scatterers  leads  to  unphy¬ 
sical  nulls  in  the  plots  of  coherent  attenuation  at  high  values 
of  the  concentration  (which  disappear  at  higher  values  of  ka). 
Moreover,  in  the  Rayleigh  limit,  the  formalism  gives  only 
the  phase  velocity  and  does  not  provide  the  analytical 
expression  for  coherent  attenuation. 

The  incorporation  of  the  complete  correlation  function 
between  the  positions  of  the  scatterers  provides  the  effective 
properties,  coherent  attenuation,  etc.,  for  dense  systems.  If 
the  QCA  is  invoked,  it  has  been  shown  by  Twersky4-7  that 
only  a  knowledge  of  the  two-body  (pair)  correlation  function 
is  required.  Twersky  has  considered  a  general  formalism  for 
scalar  waves  in  Refs.  4—6  and  for  electromagnetic  waves  in 
Ref.  7. 

In  this  paper,  we  consider  the  multiple  scattering  of  elas¬ 
tic  SH  waves  by  randomly  distributed  cylinders  incorporat¬ 
ing  the  QCA  and  the  pair-correlation  function  as  given  by 
Twersky.4  We  studied  the  problem  using  a  scattered  field 
formalism  (SF)  rather  than  the  exciting  field  formalism  (EF), 
since  SF  provides  a  more  convenient  basis  for  scattering  of 
elastic  longitudinal  (P  -  )  and  shear  {SV  -  )  waves8  by  elas¬ 
tic  scatterers  and  by  piezoelectric  scatterers9  which  couple 
both  elastic  and  electromagnetic  fields.  The  SF  employed 


here  is  precisely  the  formalism  introduced  by  Twersky  in  the 
50’s.  When  performing  the  numerical  calculations,  we  find 
that  the  SF  is  more  suited  for  computations  at  higher  fre¬ 
quencies  requiring  smaller  matrices  than  the  EF  reported  by 
us  earlier.1  Gosed  form  expressions  for  the  phase  velocity 
and  attenuation  are  presented  in  the  long  wavelength  limit, 
and  it  is  shown  that  our  results  for  circular  and  elliptical 
cylinders  agree  with  those  given  by  Twersky5  for  all  concen¬ 
trations.  Numerical  results  are  presented  for  both  phase  ve¬ 
locity  and  coherent  attenuation  for.  higher  frequencies. 

I.  DISPERSION  EQUATION  USING  SF  FORMALISM 

In  this  section  only  the  essential  details  and  the  final 
result  for  the  dispersion  equation  based  on  the  SF  (scattered 
field)  formalism  are  presented.  The  equations  presented  here 
are  identical  to  those  given  by  Twersky4-7,10  if  the  notation 
used  here  is  properly  interpreted. 

We  consider  N  (W— ►  oo)  arbitrary  shaped  (rotationally 
symmetric),  long,  and  parallel  cylindrical  scatterers  embed¬ 
ded  in  an  infinitely  extended  elastic  solid  (matrix).  Let  pu  p , 
be  the  density  and  rigidity  of  the  matrix  and  p2,  p2  those  of 
the  scatterers.  A  plane  SH  wave  of  unit  amplitude,  frequency 
a),  and  wavenumber  k  is  incident  perpendicular  to  the  axis  of 
the  cylinders  in  the  direction  kQ. 

From  Ref.  I,  one  can  obtain  an  equation  relating  the 
scattered  field  coefficients  in  the  form 

*:=!  n,  U  +  £  y  ( -  ir *  -v..  _  „■  mh-  ). 

*'  V  J+i  h*  ) 

(1) 

where  the  T  matrix  T relates  the  exciting  and  scattered 
field  coefficients  for  a  particular  (ftb)  scatterer,  a°-  =  f  e'kk°'r‘ 
are  the  known  incident  field  coefficients,  r,,  =  r,  -  r,  is  the 
vector  connecting  the  ith  and yth  scatterers,  and  are  out¬ 
going  cylindrical  wavefunctions.  Equation  ( 1 )  is  precisely  the 
same  as  introduced  by  Twersky  in  the  50’s.10 

Since  the  number  of  scatterers  is  large,  it  is  more  mean¬ 
ingful  to  perform  a  configurational  average  over  the  random 


1874 


J.  Acoust.  Soc.  Am  78  (5),  November  1985  0001-4966/85/1 1 1874-05S00  80 


©  1 985  Acoustical  Society  of  America 


1874 


positions  of  all  scatterers  except  the  ith,  which  is  assumed  to 
be  fixed.  The  details  can  be  found  in  Ref.  5.  We  thus  have  for 
identical  scatterers 

<*'„>,  =2T„,(ai  +  (N-  DlJs.(-  D" 

where  <  ),  and  <  )tJ  denote  the  configurational  average 
with  the  ith  scatterer  held  fixed  and  both  the  ith  and  yth 
scatterers  held  fixed,  respectively,  and  p(ry  |  r, )  is  the  condi¬ 
tional  probability  distribution  function.  For  impenetrable 
cylinders,  p{tj  jr, )  =  0  if  |ry  —  r,  |  <  la,  where  “a”  is  the  lar¬ 
gest  dimension  of  the  cylinders  and  p(ry  |r,)  =  g(|ry  —  r,)/S, 
where  S  is  the  large  area  over  which  the  cylinders  are  distrib¬ 
uted.  Here,  we  have  assumed  isotropic  or  circular  statistics 
even  for  noncircular  cylinders  and  the  function  g(x)  is  the 
radial  distribution  function.  Equation  (2)  yields  an  infinite 
coupled  hierarchy  for  the  conditionally  averaged  scattered 
field  coefficients.  It  can  be  truncated  by  using  the  quasicrys¬ 
talline  approximation  (QCA)  suggested  by  Lax3  and 
Twersky.  In  this  approximation,  (  h'„> (/:=<  b‘„) ,,  which 
has  been  proved  valid  for  a  wide  range  of  concentrations. 
Further,  we  assume  the  existence  of  a  coherent  field  propa¬ 
gating  in  the  direction  k0  of  the  incident  field  with  an  effec¬ 
tive,  complex,  frequency  dependent  wavenumber  AT  =  AT, 
+  iK2  of  the  form 

(b‘„)=X,eiKk"\  (3) 

where  X „  is  an  unknown  constant. 

.  Equation  (3)  is  substituted  in  Eq.  (2)  and  the  extinction 
theorem  can  be  invoked  to  cancel  the  incident  wave  term  on 
the  right-hand  side  of  Eq.  (2)  (refer  to  Twersky3  for  details). 
The  resulting  equation  is 

X„=n0^2T*‘I<~.~X-  W 

where 


hmj*  =  2m-  - ' { (k 2  -  K ')~'[lkaJm _ ,(2 Ka) 

XH 'm_,(2ka)  -  lKaHm_,(2kaym_,{lKa)) 

+  4u2J^  Hm_,(2kxix\Jm_i[lKax) 

X  [  £(*)  -  \]xdx).  (5) 


In  Eq.  (4),  we  have  assumed  that  N  and  5  are  infinitely  large 
with  the  number  density  n0  =  (N  —  1)/S.  Equations  (4)  and 
(5)  are  identical  to  those  obtained  by  Twersky3  if  the  T  matrix 
is  interpreted  as  the  single  scattering  coefficients. 

Equation  (4)  is  a  system  of  linear  simultaneous  equations 
for  the  coefficients  Xn .  For  a  nontrivial  solution  of  the  coher¬ 
ent  field,  we  must  require  the  determinant  of  the  coefficient 
matrix  to  vanish.  This  is  the  required  dispersion  equation, 
which  can  be  solved  for  the  effective  propagation  constant  K 
as  a  function  of  k  and  c.  This  will  be  discussed  in  Sec.  II.  The 
values  of  gix)  obtained  by  Monte  Carlo  calculations  are  used 
in  our  numerical  computations.1112 


II.  RAYLEIGH  LIMIT  SOLUTION 

The  dispersion  relation  derived  in  Eq.  (4)  can  be  solved 
in  detail  to  predict  the  phase  velocity  and  coherent  attenu¬ 
ation  for  a  two-phase  composite  medium.  Although  the  sys¬ 
tem  of  equations  requires  a  numerical  approach  to  yield  so¬ 
lutions  for  higher  values  of  frequency,  analytical  results  can 
be  obtained  for  low-frequency  approximations.  Including 
the  effects  of  correlation  between  scatterers,  it  is  seen  that  an 
attenuation  factor  is  obtained  in  the  Rayleigh  limit.  Analyti¬ 
cal  results  are  seen  to  mainly  depend  on  the  form  of  correla¬ 
tion  assumed.  The  gfx)  obtained  from  the  virial  series  and  the 
geometrical  considerations  by  Twersky3-6  agree  very  well 
with  Monte  Carlo  calculations.  Using  Twersky’s  results  for 
gfx),  we  hence  obtain  the  dispersion  equations  for  both  elas¬ 
tic  circular  and  elliptical  cylinders,  respectively,  embedded 
in  an  elastic  matrix: 
circular  cylinder 

£,[il 

xKt^)'[1+c|‘'-111 

+  i'-11‘[1-‘!(77^)!11  161 

and 

elliptical  cylinder 

+.,S±g±i))]- 


-ci 


(1  —  m)(a  +  b)' 
2  (mb  +  a)  , 


+  ^*V|[c(l-c)3] 


:  d+c)(  l- 


1  2  [mb  -fa)  J  1  I 


4(J^Ti)‘11+‘'''-I1> 

c  =  n0ira2,  c,  =cb/a<  c.  (7) 

These  results  agree  exactly  with  those  of  Twersky3  if  we  put 
d  =  C'  and  m ~ 1  =  B  *  in  his  Eq.  (70).3  In  this  paper,  we  pres¬ 
ent  numerical  results  at  higher  frequencies  for  various  aspect 
ratios  of  elliptical  cylinders.  This  is  discussed  in  Sec.  III. 


III.  NUMERICAL  RESULTS  AND  CONCLUSIONS 

The  analytical  expressions  for  the  phase  velocity  and 
coherent  attenuation  as  obtained  above  could  be  derived 
only  for  very  low  values  of  ka,  as  higher  approximations 
would  lead  to  unwieldy  expressions.  A  quantitative  estimate 
of  the  multiple  scattering  process  at  resonant  and  higher  fre¬ 
quencies  can  be  obtained  by  numerically  solving  the  disper- 
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FIG.  I .  Normalized  phase  velocity  versus  concentration  c ,  for  different  as¬ 
pect  ratios. 
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sion  equation,  Eq.  (4).  The  computational  scheme  has  been 
described  previously1  and  will  not  be  repeated  here. 

To  study  the  frequency  dependent  phase  velocity  and 
attenuation  of  composite  materials,  we  consider  an  alumi¬ 
num  matrix  reinforced  by  boron  fibers  whose  density  ratio 
d  =  0.93  and  shear  modulus  ratio  m  =  6.46. -In  order  to 
show  the  effect  of  density  and  shear  modulus  on  the  wave 
propagation  characteristics  through  composites,  the  com¬ 
posite  of  BaTiOj  fibers  in  polyurethene  which  gives  d  —  5. 18 
and  m  =  0.69  X  104  is  also  used. 

In  the  Rayleigh  region  [ka<  1),  the  phase  velocity  of  the 
composite  is  computed  for  different  fiber  concentrations  for 
various  aspect  ratios  b  /a  and  the  numerical  results  are  pre¬ 
sented  in  Fig.  1,  where  the  phase  velocity  is  normalized  with 
respect  to  the  shear  velocity  in  the  host  medium  (unless  spe¬ 
cially  mentioned,  calculations  are  made  for  boron-alumi¬ 
num  composite).  One  sees  that  the  phase  velocity  increases 
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FIG.  3.  Attenuation  coefficient  versus  concentration  c,  for  different  aspect 
ratios. 


with  increasing  concentration  for  the  same  aspect  ratio. 
However,  for  the  same  concentration,  the  phase  velocity  in¬ 
creases  with  the  decreasing  aspect  ratio  since  the  number  of 
scatterers  becomes  larger  when  the  smaller  aspect  ratio  fi¬ 
bers  are  used. 

For  circular  BaTiOj  fibers  in  polyurethene,  the  charac¬ 
teristics  of  the  phase  velocity  against  concentration  are 
greatly  affected  by  the  larger  shear  modulus  ratio  which  can 
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FIG.  2.  Normalized  phase  velocity  versus  concentration  c  for  circular  FIG.  4  Attenuation  coefficient  versus  concentration  for  BaTiO,  in  polyu 
BaTiO,  fibers  in  polyurethene.  ethene. 
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phase  velocity  gradually  decreases  after  ka  is  about  2.0.  But 
when  the  same  aspect  ratio  fibers  are  used,  the  higher  the 
concentration,  the  larger  is  the  phase  velocity,  as  expected. 

If  a  different  composite  is  used,  i.e.,  BaTi03  fibers  in 
polyurethene,  the  characteristic  of  the  phase  velocity  against 
concentration  is  totally  changed,  which  is  depicted  in  Fig.  6. 
It  is  noted  that  the  density  and  shear  modulus  play  an  impor¬ 
tant  role  in  the  results.  The  results  show  a  resonant  pheno¬ 
menon  which  is  typical  for  composites  reinforced  by  materi¬ 
als  with  a  much  larger  density  and  elastic  modulus  at  high 
concentrations. 

In  Fig.  7,  we  have  plotted  the  attenuation  coefficient 
a[  =  4ttK2/Ki)  vs  ka  for  two  values  of  concentration  c.  In  all 
cases,  the  attenuation  first  increases  rapidly  with  increasing 
frequency  up  to  about  ka  =  1.6,  which  is  generally  valid  fol¬ 
lowing  an  extension  of  the  Rayleigh  scattering .  law 
[a  —  {ka)1].  After  this  frequency,  the  attenuation  increases  at 
a  milder  rate  and  behaves  differently  for  different  aspect  ra¬ 
tio  fibers  due  to  the  higher  mode  vibrations.  One  general 
observation  is  that  the  smaller  the  concentration,  the  higher 
attenuation  for  ka  less  than  about  1.6.  After  this  value  there 
is  a  transition  range  of  ka,  where  the  fibers  of  larger  concen¬ 
trations  produce  higher  attenuation  and  the  larger  the  aspect 
ratio,  the  narrower  and  transition  frequency  band.  We  do 
emphasize  that  the  concentration  used  in  the  calculation  is 
quite  large  and  the  attenuation  is,  therefore,  reduced  with 
the  increasing  concentration  which  can  be  found  in  Fig.  3. 

The  trend  of  the  attenuation  curve  is  also  applied  to  the 


composite  of  BaTiOj  in  polyurethene,  which  is  show  n  in  Fig 
8.  However,  the  magnitude  of  the  attenuation  is  about  ten 
times  larger  than  that  of  the  aluminum  composite  due  to  the 
much  larger  shear  modulus  used. 
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A  propagator  model  using  Feynman  diagrams  is  presented  for  studying  the  first  and  the  second  moments  of  the 
electromagnetic  field  in  a  discrete  random  medium.  The  major  difference  between  our  work  and  previous  treat¬ 
ments  of  this  type  is  that  all  diagrams  are  in  a  basis  of  vector  spherical  functions.  Each  propagator  or  infinite- 
medium  Green's  function  L  the  translation  matrix  for  spherical  functions,  and  each  scatterer  is  characterized  by  a  T 
matrix  that,  in  turn,  is  a  representation  of  the  Green’s  function  of  the  scatterer  in  a  basis  of  spherical  functions.  All 
orders  of  multipoles  are  formally  retained,  in  contrast  to  previous  work  involving  the  dipole  approximation.  Partial 
resummations  of  the  scattering  diagrams  are  shown  to  be  related  to  the  quasi-crystalline  approximation  and  the 
first-order  smoothing  approximation.  The  lowest-order  term  of  the  ladder  approximation  for  the  incoherent 
intensity  is  evaluated.  Sample  numerical  results  are  presented  and  compared  with  available  experimental  results. 


INTRODUCTION 

We  consider  the  propagation  of  plane  coherent  electromag¬ 
netic  waves  in  an  infinite  medium  containing  identical,  loss¬ 
less,  randomly  distributed  particles.  Our  aim  here  is  to 
characterize  the  random  medium  by  an  effective  complex 
wave  number  K  (which  would  be  a  function  of  particle  con¬ 
centration,  the  electrical  size,  and  the  statistical  description 
of  the  random  positions  of  the  scatterers)  and  to  study  both 
coherent  and  incoherent  intensities  as  a  function  of  frequen¬ 
cy  for  various  values  of  the  concentration  c  (the  fractional 
volume  occupied  by  the  scatterers).  Although  the  formula¬ 
tion  is  generally  valid  for  nonspherical,  aligned,  or  randomly 
oriented  scatterers,  initial  calculations  are  confined  to 
spherical  scatterers,  which  generally  give  us  a  better  picture 
of  the  order  of  magnitude  of  the  different  contributions  to 
the  intensity  without  the  additional  complications  of  non¬ 
spherical  geometry  and  orientation. 

Extensive  work  by  Twersky1’5  has  laid  the  foundation  for 
multiple-scattering  theory  in  discrete  random  media.  A 
related  approach  using  the  T  matrix  of  a  single  scattered5 
together  with  configurational  averaging  procedures  have 
been  used  by  the  authors  to  develop  a  computational  meth¬ 
od  for  the  electromagnetic-wave-propagation  problem  in  in¬ 
homogeneous  media.7-9  Lax’s10  quasi-crystalline  approxi¬ 
mation  (QCA)  is  used  in  conjunction  with  suitable  models 
for  the  pair  correlation  function  to  obtain  an  effective  wave 
number  K(«  K\  +  iKi)  that  is  complex  and  frequency  de¬ 
pendent.  In  a  classic  paper,  Frisch"  has  demonstrated  for¬ 
mally  the  relationship  between  the  present  problem  and  its 
analog  in  quantum  mechanics.  He  used  Feynman  diagrams 
to  show  that  the  mean  Green’3  function  for  the  random 
medium  is  analogous  to  the  Dyson  equation,  whereas  the 
second  moment  of  the  Green's  function  is  analogous  to  the 
Bethe-Salpeter  equation.  More  interestingly,  he  showed 
that  retaining  only  two-body  correlations  and  summing  all 
terms  involving  sequential  scattering  and  correlation  is 
equivalent  to  the  first-order  smoothing  approximation  first 
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introduced  by  Bourret12  and  used  by  Keller13  and  his  co- 
workers. 

In  this  paper,  we  represent  the  multiple-scattering  series 
in  a  basis  of  vector  spherical  functions  using  the  T  matrix  to 
characterize  each  scatterer.  Formally,  the  T  matrix  in¬ 
cludes  a  detailed  description  of  the  scatterer  to  all  orders  in  a 
multipole  expansion,  this  in  contrast  to  previous  treatments 
that  invoked  the  dipole  approximation.  The  so-called  prop¬ 
agator  or  Green’s  function  that  propagates  the  signal  from" 
one  scatterer  to  the  next  is  again  represented  in  a  basis  of 
vector  spherical  functions.  This  again  is  a  consequence  of 
not  invoking  the  dipole  approximation  to  describe  the  scat¬ 
terer.  Thus  instead  of  simply  using  a  full-space  Green's 
function  of  the  form  exp (ihr)/kr,  as  would  be  appropriate  for 
point  scatterers,  the  propagation  matrix  used  here  describes 
the  propagation  of  a  complex,  multipole  field  to  the  next 
scatterer. 

The  partial  resummations  that  can  be  performed  by  re¬ 
taining  only  two-body  correlations  including  only  sequential 
scattering  lead  to  so-called  dressed  propagators.  These 
propagators  describe  a  medium  with  a  different  propagation 
constant.  One  of  the  new  observations  we  make  is  that  the 
QCA  first  used  by  Lax10  and  the  first-order  smoothing  ap¬ 
proximation  of  Bourret12  and  Keller13  appear  to  be  the  re¬ 
summation  of  the  same  class  of  diagrams.  This  does  not 
seem  to  have  been  commented  on  before. 

In  addition,  the  intensity  of  the  electromagnetic  field  is 
also  represented  with  the  help  of  Feynman  diagrams.  The 
so-called  coherent  intensity  is  the  summation  of  all  diagrams 
that  involve  two  independent  field  lines,  whereas  the  inco¬ 
herent  intensity  is  the  summation  of  all  diagrams  that  in¬ 
volve  two  distinct  field  lines  intercepting  different  scatterers 
but  that  are,  however,  coupled  by  positional  correlations 
between  scatterers.  The  lowest  approximation  to  the  inco¬ 
herent  intensity  leads  to  the  ladder  diagrams.  We  also  refer 
t»  the  work  by  Tsang  and  Kong,1*  who  have  computed  the 
backscattered  intensity  in  single-scattering  approximation 
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Sample  numerical  results  are  presented  for  the  first  and 
the  second  moments  of  the  field  and  compared  with  the 
experiments  of  Killey  and  Meeten.15 


MULTIPLE-SCATTERING  FORMULATION 

Consider  wave  propagation  in  an  infinite  medium  of  volume 
V  —  ®  containing  a  random  distribution  of  N  scatterers,  N 
—  “o,  such  that  no  =  N/V,  *he  number  density  of  scatterers, 
is  finite.  Plane  harmonic  waves  of  frequency  u  propagate  in 
the  medium  and  undergo  multiple  scattering.  Let  E,  E°, 
E,e,  and  E,J  denote,  respectively,  the  total  field,  the  incident 
field,  the  field  exciting  the  ith  scatterer,  and  the  field  scat¬ 
tered  by  the  ith  scatterer.  Then  self-consistency  requires 
the  following  relationships  among  the  fields7"9: 

e-eo  +  Je;  (l) 


E/  =  E°  +  ^E/.  (2) 

Let  nZ'Pn  generally  denote  outgoing  functions  (Hankel 
functions)  and  functions  regular  at  the  origin  (Bessel  func¬ 
tions).  We  dispense  with  vector  notation,  and  the  abbrevi¬ 
ated  index  may  denote  n  —  r,  l,  m,  <r;  r  •»  2, 3;  l  e  (0,  <“];  m  e 
[0,  /];  see  Refs.  7-9. 

At  a  field  point  r  in  the  host  medium,  the  incident,  scat¬ 
tered,  and  exciting  fields  are  expanded  as  follows: 

ETir)  =  ^anRein(r),  (3) 

n 

E’ir)  =  2  a„‘  Re  <£„(r  -  r,),  |r-r,|<2a,  (4) 


Fig.  1.  A  diagrammatic  representation  of  multiple-scattering  pro¬ 
cesses. 


If  we  substitute  Eqs.  (7)  and  (5)  in  Eq.  (1)  and  iterate,  we 
obtain 


E(r)  *  £°(r)  +  2  Ou  tn(r  -  r 
» 

+  22/  °“  ~  r,)  Tnn-°n  n-(rij)Tn.„-anJ 

•  J 

+ 2  2'  2' 0u  _  r')T’'n'  •  •  ■ + •  ■  •  •*  (9) 
i  j  k 


E'(r)  =  V/',' Ou  tn(r  ~  r,),  (r  -  r,),  |r-r,|>2a, 

n 

(5) 

where  r,  denotes  the  center  of  the  ith  scatterer  and  a  is  the 
radius  of  the  sphere  circumscribing  any  scatterer.  The  coef¬ 
ficients  a„  are  known,  whereas  the  coefficients  fn‘  and  a*1  are 
unknown  but  are,  however,  related  through  the  T  matrix8: 

fn  =  2  (6) 

ri 

Substituting  Eqs.  (3)— (6)  into  Eq.  (2)  and  using  the  trans¬ 
lation-addition  theorems  for  spherical  wave  functions  and 
the  orthogonality  properties  of  spherical  harmonics,8  we  ob¬ 
tain 

"  a"‘ + 2ZZ  (7) 

/Hi  ri  n' 

where 

Ou  1 £„(r  -  r,)  =  2  ann If,  -  r;)ReiA„  (r  -  r,>  (8) 

ri 

and  ann-  is  the  translation  matrix  for  spherical  wave  func¬ 
tions. 


where  r,,  »  (r;  -  r,). 

The  first  term  in  Eq.  (9)  is  the  incident  field  reaching  the 
observation  point  r  denoted  by  P  in  Fig.  1A.  The  second 
term  of  Eq.  (9)  is  a  sum  of  N  contributions,  each  of  which  can 
be  represented  by  a  diagram  cf  the  type  shown  in  Fig.  IB. 
The  thin  line  represents  the  incident  field  E0,  and  the  thick 
solid  line  represents  the  propagator  Ou  \pn(r  -  r,)rn„-  that 
propagates  the  field  from  scatterer  i  to  observation  point  r. 
The  sum  of  all  N  diagrams  of  this  type  is  termed  single 
scattering.  The  third  term  of  Eq.  (9)  is  a  sum  of  N(N  -  1) 
contributions,  each  involving  a  pair  of  particles,  and  is  repre¬ 
sented  by  the  diagram  of  Fig.  1C.  There  are  also  N(N  -  1) 
terms  of  the  form  given  in  Fig.  ID  that  involve  only  a  pair  of 
particles.  There  are  N(N  -  1  ){N  -  2)  terms  of  the  type 
shown  in  Fig.  IE.  As  seen  from  Fig.  1,  the  three-body  pro¬ 
cess  can  include  any  number  of  scattering  in  any  order 
among  the  three  objects. 

FIRST  MOMENT  OF  THE  FIELD  AND  THE 
QUASI-CRYSTALLINE  APPROXIMATION 

Equation  (9)  can  be  averaged  over  the  positions  of  the  parti¬ 
cles  to  yield  the  coherent,  average,  or  first  moment  of  the 
field: 
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<£(r)>  »  £°(r)  +  ^  Tm.  f  Ou  <fin[r  -  r.K'pfr.jdr, 

+  ^  ^  '^'nn’T'n'n-  J  0U  'r'r,(F  “  ri)  J  an'n'(rtj)an'JP(rt .) 

X  p(tj I r.Jdrydr,  +  ....  (10) 

which  involves  all  orders  of  joint  probability  functions,  p(r;),- 
p(ry  |r;),  etc. 

To  solve  Eq.  (10)  is  a  formidable  task,  and  it  is  not  surpris¬ 
ing  that  the  QCA  was  introduced  at  an  early  stage  by  Lax10 
and  Twersky.  To  show  the  connection  between  Eq.  ( 10)  and 
the  QCA,  we  now  place  some  severe  restrictions  on  the  al¬ 
lowed  multiple-scattering  processes.  First,  we  require  that 
each  particle  contribute  only  once  to  any  term  of  the  multi¬ 
ple-scattering  series.  Further,  we  do  not  permit  back  and 
forth  scattering  between  a  pair  of  scatterers.  Finally,  the  S- 
particle  joint  probability  function  is  factored  as  follows: 

P(rvr2 . rN)  =  pfr^pfrjlr^plrjlrj) . . .  ptrjr^.!). 

(11a) 

With  the  above  assumptions,  Eq.  (10)  can  be  represented 
diagrammatically  as 


<£0CA)  =  £(r)  +  • 


where  —  denotes  the  incident  plane  wave.  •  denotes  a  scat- 
terer,  •  — •  denotes  scattering  from  particle  2  to  particle  1, 
•  —  •  denotes  the  correlation  between  the  positions  of  parti¬ 
cles  1  and  2,  and,  finally,  — •  denotes  the  propagation  from 
particle  1  to  the  observation  point  r.  In  Eq.  (lib)  •*-  will 

be  replaced  by  a„  each  • - •  will  be  replaced  by  7VT, 

where  a.  the  transition  matrix,  accounts  for  the  propagation 
of  waves  from  one  scatterer  to  another,  and  will  be 

replaced  by  pi  1,  2).  Hence  the  explicit  form  of  Eq.  (11)  is 


£*J,r>  +■  .V  j  Ou  ij(r  -  r^TVpfr^dr, 


< ‘  j  Ou  i 1  r  -  r, ) 7'.7ir1,)7'a:p(  l,  2)dr,dr2 


+  .V’  j  Ou  -  r,  iTVi  r12)pt  1,  2)r<r(r23)p(2,  3)7o3 

x  dr^r.dr,  *■  .V*  Ou  ±tr  -  r,  )T<rl  r,2)p(  1,  2) 

x  Tuir^tpi'2,  3)7VirM)p(3,  OTa’dr,  .  .  dr4  +  .  .  .  .  (12) 

In  Eq  (12),  we  have  removed  the  restrictions  in  sums,  such 
as  1,  2/  Zt\  by  noting  that  p(  1.  2)  is  automatically  zero  if  r 2 
*  *V  Thus  the  propagators  in  Eq.  (12)  may  be  interpreted 
as  cut-out  propagators  that  vanish  if  the  argument  is  less 
than  the  hard-core  diameter  of  the  scatterers.  For  spherical 
statistics  we  note  that 

P<ri>  *  •  P<1.2)  -  p(r,.  r2)  -  -^g(|r,  -  r2 1 ) 

We  now  introduce  spatial  Fourier  transforms  of  the  trans¬ 
lation  matrix  and  the  radial  distribution  functions  and  de¬ 


note  them  by  a(k )  and  g{k),  respectively.  Using  the  convo¬ 
lution  theorem,  Eq.  (12)  can  be  simplified  to 

<E“'( r)>  «  £°(r)  +  n0  J  Ou^(r  -  r,)Tll  +  n0ag\K)T 

+  n0zag(K)T<rg(K)T 

+  n0T7jmT7£(K)Tag(K)T 

-I - jexp  -  r2))a2dKdr[dr2,  (13) 

where 

<rg(K)  -  /  <r(x)g(]x|)e,x',dx.  (14) 

The  terms  on  the  right-hand  side  of  Eq.  (13)  can  be  summed 
formally,  and  we  can  rewrite  Eq.  (13)  as 

(Eu*(r))  -  £°(r)  +  f  Ou*„(r  -  r,)r„, 

X  no  $  I1  _  n0<rg(K )T\nn.~l 

X  exp[— i'K  •  (r,  —  r2)]a„.2dKdr,dr2.  (15) 

This  new  form  of  the  average  field  can  be  interpreted  as  an 
incident  plane  wave  propagating  through  an  effective  medi¬ 
um  of  propagation  constant  K  and  propagator  (1  —  n0agT)~l 
undergoing  scattering  from  a  particle  at  r!  and  then  propa¬ 
gating  to  the  observation  point  r  with  the  wave  number  of 
the  host  medium.  In  Eq.  (15)  we  can  write 

**»•»•( ri  “**)■/  U  ~ 

X  exp[-iK  •  (r,  -  r2)]dK;  (16) 

then 

r)>  -  £°  +  n0  f  0 uiA„(r  -  r’)Tv,H„n.(r[  -  r2) 

x  o„.Jdr,dr2.  (17) 

The  dispersion  equation  in  the  model  medium  is  given  by 
the  zeros  of  R{K)  that  yield  the  effective  propagation  con¬ 
stant  of  the  medium.  We  recall  that  the  propagator  in  the 
host  medium  has  a  Fourier  transform  of  the  form  l/(fe2  - 
w2/c2)  that  has  a  pole  at  k  »  u ;/c.  The  poles  of  the  new 
propagator  are  then  determined  by  the  roots  of  the  deter- 
minantal  equation: 

1  -  n07g(K)T  •  0.  (18) 

In  our  previous  papers  we  derived  a  dispersion  equation 
for  the  random  medium  by  directly  invoking  the  QCA  in  the 
equation  for  the  field  exciting  a  particular  scatterer.  Thus, 
if  Eq.  (7)  were  averaged  directly,  holding  the  ith  scatterer 
fixed, then 

+  X  X  Z  <<*«•'>.,>,•  <191 

l  n'  n0 

This  immediately  leads  to  an  infinite  hierarchy  in  which  the 
conditional  average  of  <*„'  with  p  scatterers  held  fixed  in¬ 
volves  a  conditional  average  on  the  right-hand  side  with  p  + 
1  scatterers  held  fixed.  Thus  a  knowledge  of  all  orders  of  the 
correlation  function  is  required.  As  is  well  known.  Lax  trun 
cated  this  hierarchy  by  approximating 

=*  <«„•'>,■  1  20  I 

This  is  the  famous  QCA.  Twerskv1'5  has  already  stated  that 
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the'QCA  neglects  back  and  forth  scattering  and  includes 
only  sequential  scattering.  By  assuming  that  the  average 
field  propagates  with  an  effective  propagation  constant  K, 
i.e., 

(a,-1)  —  Xn.  expdKkq  •  tj),  (21) 

and  using  expressions  (20)  and  (21)  in  Eq.  (19),  we  formally 
obtain 

Xn  -  n0f  <r„  (r1;)T„  „.p(rjr,)  exp[i'K  •  (r;  -  r.OjdryX... 

(22) 

This  is  a  homogeneous  set  of  equations  for  X„.  For  a  non¬ 
trivial  solution,  the  determinant  of  the  coefficient  matrix 
should  vanish,  leading  to 

|l-n0^(K)r|  =0,  (23) 

which  is  identical  to  Eq.  (18). 

Thus  invoking  the  QCA  is  identical  to  a  partial  resumma¬ 
tion  of  the  multiple-scattering  series  represented  by  the 
diagrams  in  Eq.  (lib).  Although  this  has  been  generally 
known,  no  formal  proof  has  been  given  before,  especially 
when  the  full  multipole  description  for  each  scattering  is 
used.  The  more  interesting  observation  is  that  Frisch11  has 
shown  that  Eqs.  (11)  are  also  equivalent  to  the  first-order 
smoothing  approximation.  Thus  it  would  seem  that  the 
first-order  smoothing  and  the  QCA  are  equivalent  There 
appears  to  have  been  no  discussion  of  this  in  previous  litera¬ 
ture  on  the  subject. 


SECOND  MOMENT  OF  THE  HELD  INTENSITY 

The  intensity  or  the  second  moment  of  the  field  with  polar¬ 
ization  u  at  r  is  simply  defined  as 

/^(r,  «)  =  u  •  (E(r,  ui)E(r,  u>)>  •  u.  (24) 

If  Eq.  (9)  is  substituted  for  E  in  Eq.  (24),  we  get  the  multiple¬ 
scattering  series  for  the  intensity.  Diagrammatically  each 
field  line  in  Eq.  (24)  can  be  represented  as  in  Fig.  1.  When 
both  fields  are  multiplied  and  then  averaged  together  we  get 
correlations  between  scatterers  on  both  field  lines.  Using 
the  same  notation  as  before,  the  following  diagrams  result: 


A  ~  *  3t — V 


p— —O--.  -0 

_ _ i _ _ j  - 


-  - Q - O - 

d* 

-? — * — 9 -  1 

X - -  •-  r,.  (25) 


where  we  have  allowed  only  sequential  two-body  correla¬ 
tions  and  grouped  the  terms  into  four  categories.  The  first 
term  is,  of  course,  the  incident  intensity.  The  second  group 
contains  two  field  lines  that  are  uncorrelated  from  one  to 
another  but  contain  correlations  within  themselves.  The 
third  group  contains  two  field  lines  that,  however,  interact 
with  the  same  particles.  The  last  group  contains  the  ladder 
diagrams  but  also  allows  sequential  correlations  within  each 
field  line.  All  the  other  possible  terms  that  contain  dia¬ 
grams  of  the  type 

^  - 
have  been  neglected. 

The  first  two  groups  of  terms  contribute  to  the  coherent 
intensity,  and  the  last  two  groups  contribute  to  the  incoher¬ 
ent  intensity  or  spectral  density  of  the  field  fluctuations. 
The  diagrams  can  be  resummed  by  introducing  the  so-called 
dressed  propagators,  if  we  refer  to  the  translation  operator 
in  the  host  medium  as  a  bare  propagator.  The 
dressed  propagator  is  the  propagator  in  a  medium  that  al¬ 
lows  only  QCA-type  sequential-scattering  terms  with  se¬ 
quential  correlations  and  is  identical  to  Eq.  (16).  Such 
propagators  are  represented  by  bold  lines  in  contrast  to  the 
bare  propagators.  Thus 


!• 


The  terms  in  (b)  can  be  summed  by  using  Fourier  trans¬ 
forms  and  convolution  techniques,  but  the  ladder  diagrams 
in  (c)  do  not  lend  themselves  very  easily  to  resummation  by 
Fourier-transform  techniques.  The  relative  contribution  of 
the  terms  in  (b)  and  (c)  is  studied  numerically  in  the  next 
section. 


NUMERICAL  RESULTS 

Three  types  of  results  are  presented  in  this  section.  The 
first  type  is  the  calculation  of  effective  propagation  constant 
by  solving  the  roots  of  the  determinantal  equation  (Eq.  (18)] . 
The  numerical  procedure  for  doing  this  has  been  described 
in  detail  in  Refs.  7  and  8  and  will  not  be  repeated  here.  The 
computation  requires  the  T  matrix  of  the  scatterer;  here  we 
have  used  the  multipole  field  for  spherical  scatterers.  The 
concentration  c  of  scatterers  (fractional  volume  occupied  bv 
the  scatterers)  and  the  frequency  are  the  other  parameters 
required.  In  addition,  the  pair  correlation  function  is  re¬ 
quired.  We  have  used  values  generated  by  Monte  Carlo 
simulation  for  hard  or  impenetrable  spheres  as  a  function  of 
distance  between  the  spheres  and  the  concentration  of 
spheres.  The  details  may  be  found  in  Ref.  16. 
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In  Figs.  2  and  3,  the  real  and  the  imaginary  part  of  the 
effective  propagation  constant  in  a  distribution  of  Revacryl 
spheres  is  plotted  as  a  function  of  concentration  for  two 
different  frequencies  denoted  by  the  wavelengths  X  ■  410 
nm  and  X  »  546  nm.  These  wavelengths  were  chosen  be¬ 
cause  our  calculations  could  be  compared  with  the  experi¬ 
ments  of  Killey  and  Meeten.15  The  agreement  is  very  good, 
as  can  be  seen  from  the  graphs.  The  refractive  index  for 
Revacryl  spheres  used  in  the  computation  was  taken  to  be  n 
»  1.48,  and  the  host  medium  is  distilled  water  with  n  * 
1.334. 

In  Fig.  4,  the  lowest  approximation  to  the  coherent  inten¬ 
sity  that  is  given  by  the  first  term  in  Eq.  (26)  washed  to 
compute  the  coherent  intensity.  In  lowest  approximation, 


Fig.  2.  Phase  velocity  versus  concentration  c  for  Revacryl  disper¬ 
sions  in  distilled  water  at  X  -  546  nm. 


Fig.  3.  Coherent  attenuation  versus  concentration  c  for  Revacryl 
dispersions  in  distilled  water  at  \  -  410  and  546  nm. 


Fig,  4  Coherent  intensity  as  a  function  of  propagation  depth  z  for 
various  values  of  c  at  X  •  546  nm. 


Fig.  5.  (a)  The  spatial  Fourier  transform  ?(Ki£o  -  kr )  of  g(]  xj )  -  1 
as  a  function  of  concentration  c  for  ka  -  0.1  and  $  »  30',  (b)  The 
spatial  Fourier  transform  ?(K,£0  -  kr)  of  g(|xj)  -  1  as  a  function  of 
observation  angle  «  for  c  -  0.10  and  ka  »  0.1,  0.5,  1.0,  and  2.0.  (c) 
The  spatial  Fourier  transform  ?(K,£0  -  kr)  of  g<\  xj )  -  1  as  a  function 
of  ka  in  the  backscattering  direction  for  c  -  0.05  and  0.10. 
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Fig.  6.  Normalized  incoherent  intensity  that  is  due  to  single  scat¬ 
tering  from  correlated  scatterers  as  a  function  of  ka  for  c  “  0.10  and  B 
-  30°. 


the  intensity  decays  exponentially  with  penetration  into  the 
random  medium,  the  rate  of  decay  being  twice  the  imaginary 
part  of  the  effective  propagation  constant  (K  *  K\  +  iK2)  in 
the  medium.  The  rate  is  a  function  of  the  frequency,  the 
size  of  scatterers,  the  concentration  of  scatterers,  and  the 
material  properties.  Again  the  results  normalized  with  re¬ 
spect  to  the  incident  intensity  in  Fig.  3  for  Revacryl  spheres 
comes  quite  favorably  with  the  results  of  Killey  and  Meeten. 

In  Figs.  5  and  6,  the  leading  term  for  the  incoherent  inten¬ 
sity  involving  only  single  scattering  from  one  scatterer  (A)  or 
two  correlated  scatterers  (B)  is  plotted  for  various  parame¬ 
ters.  The  total  single-scattering  result  is  denoted  by  C  in 
Fig.  6.  The  exact  expression  used  in  the  computations  is 
given  below; 

/,( r,  u>)  «  $  ■  (E(r,  uj)E*(r,  w))  ■  8. 

“TTTi  Yo-\Xr)Tnan(k0) 

X  jl  +  n0  j  (gixj  -  l)exp(-i(K,k0  -  kr)  •  xjdxj 

=  y«-A n(?)T„an(k0)  '[l+KKk.-k?)]. 

(kr)2  ^  —  ' - - - - 

A  B 

‘  (27) 

k0  is  the  direction  of  propagation  of  the  incident  wave,  an(£0) 
are  the  incident-wave  field  coefficients,  ](Kjt o  -  kr)  is  the 
spatial  Fourier  transform  of  [g(]x  |  -  1],  and  An  -  Ar(„,  are 
vector  spherical  harmonics  with  r  »  1,  2,  3. 

In  order  to  study  the  difference  in  the  order  of  magnitude 
of  corresponding  terms  (equal  number  of  T  matrices),  one 
can  simply  plot  expressions  A  and  B  in  Eq.  (27)  as  a  function 
of  concentration.  Although  these  terms  will  be  a  function  of 
frequency  for  higher-order  terms  of  the  multiple-scattering 
series,  we  can  get  a  feel  for  the  relative  contribution  of  these 
terms.  They  are  plotted  in  Fig.  5(a)  and  one  can  see  that, 
even  at  a  concentration  of  10%,  the  value  of  the  correlation 
integral  [term  B  of  Eq.  (27)]  is  approximately  36%  of  A. 
This  implies  that  there  is  no  point  in  summing  higher-order 


terms  in  (b)  of  Eq.  (26)  without  also  retaining  higher-order 
ladder  diagrams. 

In  Fig.  5(b),7(K[£o  ~  kr)  in  Eq.  (27)  is  plotted  as  a  function 
of  observation  angle  for  different  values  of  ka.  It  can  be 
seen  that  for  8  =  180°,  the  contribution  from  J  to  the  incoher¬ 
ent  intensity  is  greatly  dependent  on  the  value  of  ka  under 
consideration.  In  Fig.  5(c),  J  is  plotted  for  two  values  of  c  « 
0.05  and  0.1  and  8  ■  180°  (backscattering)  as  a  function  of 
ka. 

The  conclusion  from  Figs.  5(a)-5(c)  is  that  the  incoherent 
intensity  has  contributions  from  both  (b)  and  (c)  in  Eq.  (26), 
and  more  studies  are  indicated  to  neglect  one  in  favor  of  the 
other. 

In  Fig.  6,  the  normalized  incoherent  intensity  is  plotted  as 
a  function  of  ka  at  c  «  0.1  for  an  observation  angle  of  30°. 
The  curve  labeled  C  is  the  total  contribution  that  is  due  to 
single  scattering;  the  curve  A  is  due  to  completely  correlated 
or  single  scattering  from  the  same  particle  I,  and  B  is  due  to 

I.  It  is  clear  that  B  is  not  negligible  compared  to  A. 
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Abstract  —This  paper  is  concerned  with  the  modeling  ol  absorption  at 
microwaves  in  a  composite  containing  a  random  distribution  at  Fe304 
particles  embedded  in  PVC.  The  theoretical  model  based  on  a  tcW-cotv- 
sislenl  multiple  scattering  formalism.  Including  the  effect  of  statistical 
correlations  in  the  positions  of  (be  particles.  A  T -matrix  is  used  lo 
characterize  the  response  of  individual  ferrite  particles  lo  any  incident 
excitation.  An  analytical  exprevsioa  is  obtained  for  the  complex  propa¬ 
gation  constant  in  the  composite  in  the  long  wavelength  limit. 

In  addition  lo  presenting  results  for  a  variety  of  materials  including  Ni 
ferrite  compounds,  it  is  shown  that  a  particular  set  of  assumed  values  of  the 
complex  magnetic  permeability  and  dielectric  function  leads  to  very  good 
agreement  with  the  experimental  data  of  Ueno  ct  aL  [2|. 

I.  Introduction 

HE  HIGH  DIELECTRIC  and  magnetic  loss  tangents 
of  the  magnetite  Fe304  makes  it  an  ideal  candidate  for 
applications  to  microwave  absorbing  materials.  Generally, 
the  Fe304  particles  in  the  form  of  spheres  or  cylinders  are 
held  together  by  a  binder  such  as  PVC.  Since  weight  and 
the  structural  integrity  of  the  composite  is  also  of  concern 
in  many  applications,  it  is  desirable  to  choose  the  optimum 
volume  fraction  of  Fe304  particles  and  adjust  the  shape, 
size,  and  distribution  of  particles  to  obtain  the  required 
mass  density  and  microwave  absorbing  properties.  A  reli¬ 
able  theoretical  model  that  can  predict  effective  properties 
for  various  values  of  these  parameters  is  an  economical 
way  to  arrive  at  the  optium  configuration.  Such  a  model  is 
proposed  in  this  paper. 

Since  the  use  of  ferrites  in  microwave  absorbing  com¬ 
posites  is  relatively  new,  measured  values  of  the  electrical 
and  magnetic  properties  of  ferrites  are  difficult  to  find  in 
the  literature.  For  many  types  of  ferrites,  it  is  hard  to 
measure  the  complex  permeability  and  the  complex  permit¬ 
tivity  due  to  the  high  electrical  conductivity  of  Fe304.  For 
some  materials,  such  as  the  Ni  ferrite  compounds,  one  can 
find  measured  values  of  complex  permeability  but  not  of 
permittivity.  This  may  be  due  to  the  fact  that  completely 
different  techniques  are  called  for  the  two  measurements. 
One  may  refer  to  Lax  and  Button  [1). 

Recently,  Ueno  et  al  [2]  have  reported  experimental 
results  for  iron  oxide  (Fe304)  impregnated  plastics  (PVC) 
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in  the  0.1-10-GHz  range  of  frequencies.  Plots  of  /s',  /i", 
and  t"  of  the  composite  are  plotted  as  a  function  of 
frequency.  The  reflection  and  transmission  coefficients  of 
the  composite  slab  for  various  angles  of  incidence  are  also 
plotted  as  a  function  of  layer  thickness  as  well  as  angle  of 
incidence.  The  only  other  reference  that  provides  some 
useful  information  on  the  material  properties  is  the  book 
by  Smit  and  Wijn  [3].  We  believe  that  there  may  be  other 
sources,  especially  in  the  internal  research  reports  of  vari¬ 
ous  industrial  and  government  research  laboratories,  that 
may  be  of  a  proprietary  nature  and,  hence,  not  easily 
available. 

The  plan  of  this  paper  is  as  follows.  In  Section  II,  the 
multiple  scattering  formalism  is  presented.  In  Section  III, 
long  wavelength  approximation  are  invoked  to  obtain  a 
closed-form  solution  of  the  dispersion  equation  for  a  ferrite 
composite.  The  equation  can  be  explicitly  solved  for 
spherical  particles,  for  arbitrary  concentration  within  the 
limitations  imposed  by  the  quasi-crystalline  approxima¬ 
tion.  Analytical  expressions  for  the  effective  complex  wave- 
number  are  presented.  In  Section  IV,  the  calculations  and 
results  for  Fe304  composites  are  explained  and  the  com¬ 
parison  with  the  experimental  results  of  Ueno  et  al.  is 
discussed.  A  short  summary  and  conclusions  end  the  paper. 

II.  Multiple  Scattering  Formalism 

Consider  the  propagation  of  plane-harmonic  electromag¬ 
netic  waves  along  the  z  axis  of  an  xyz  coordinate  system  in 
a  medium  referred  to  as  the  host  or  matrix  characterized  by 
real  values  of  the  dielectric  function  and  magnetic 
permeability  /t2.  Embedded  in  the  matrix  is  a  random 
distribution  of  randomly  oriented  scatterers  characterized 
by  a  complex  permittivity  <,  -ej  +  it"  and  complex  per¬ 
meability  jt,  -  n\  +  ifi”.  In  this  paper,  the  lime  dependence 
e  is  assumed  throughout.  The  number  of  scatterers  ,V 
and  the  embedding  volume  V  are  both  large,  but  when 
N/V  -  n0,  the  number  density  is  finite. 

The  total  field  at  any  point  in  the  host  medium  is  the 
sum  of  the  incident  field  and  the  fields  scattered  by  all  the 
scatterers.  The  field  that  excites  a  given  scalterer  (say,  (he 
uh  scatterer),  E1,',  however,  is  the  incident  field  L"".  plus 
the  fields  scattered  from  all  the  other  scatterers  E' 

E,'(r) -£■“(?)  +  £  E;(r-F)  (1) 
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where  7  and  7  are  the  observation  point  and  the  position 
of  the  y  th  scattcrcr,  respectively.  Expanding  all  the  fields  in 
terms  of  vector  spherical  functions  and  employing  the 
translation  theorem  and  the  orthogonality  of  the  basis 
functions,  we  obtain  (see  Varadan  et  al.  [4]  and  Bringi  el  al. 

[51) 

In  +  1  e'*  , 

V”  -  -7— 77'* -r-  K.l  +  +>)*-.-  .1 

n(n  +  1)  2 1 

+  £'  £  i  [Bf'BSr'iZ-r,) 

J  —  1  *,  -  0  m,  •  - 

+  c-‘,trr(*:-5)|  (2) 

2n  +  1  e'*  '■  . 

c" -  -rzT\r’Tr  fi-  ■ +  "(n  +  >5 

w(  n  +  1 )  2/ 

v  «  »i 

+  r  L  E  |  fl.:rcrr 

/  —  I  »»,  —  0  m,  «  -  /i, 


where  £'  denotes  y  #  /,  Smn  is  the  Kronecker  delta,  and  A 
is  the  wavenumber  in  the  host  medium.  B"‘  and  C”  are 
the  scattered  field  coefficients,  b"  and  c"1  are  the  exciting 
field  coefficients,  and  B and  C"';"1  are  the  functions 
resulting  from  the  translation  theorem  of  the  vector  spheri¬ 
cal  functions. 

Now  wo  introduce  the  T-matrix  of  a  single  scattcrcr 
which  relates  the  scattered  field  expansion  coefficients  to 
the  exciting  field  expansion  coefficients  as  follows  (see,  for 
example.  [6]): 

(?)-[£  £;](?)-<^)  <*> 

For  aligned  identical  scatterers.  if  the  T-matrix  is  com¬ 
puted  with  respect  to  the  xyz  axes,  then  the  T-matrix  of  all 
N  scatterers  is  the  same.  However,  if  the  orientation  of 
each  scatterer  with  respect  to  the  xyz  axes  is  defined  by  the 
Euler  angles  a,,  /?,,  y,,  'hen  the  T-matrix  of  the  ith  scatterer 
is  a  function  of  the  Euler  angles  and  is  defined  by 

T~  DfD  1  (5) 

where  T  is  the  T-matrix  of  a  scatterer  evaluated  with 
respect  to  the  set  of  coordinate  axes  natural  to  the  scatterer 
(  XYZ  axes),  and  is  independent  of  position  and  orienta¬ 
tion  and  is.  hence,  the  same  for  identical  scatterers.  D  is 
the  rotation  matrix  given  by  Edmonds  [7] 

D;,„(o./5.y)-e'”V;,„,(/?)e"">  (6) 


'  n  +  m)\{  n  -  m)\ 


cos  - 


In  (7),  P  is  the  Jacobi  polynomial,  which  can  be  expressed 
in  terms  of  the  associated  Legendre  polynomials  (see 
Edmonds  [7]). 

The  T-matrix  averaged  over  all  possible  orientations  of 
the  scatterer  may  then  be  written  as 

d/S  sin  /? 

oTT  •'O  *0  ■'0 

•  £  [/>"  (a,P,y)T 

Lm*  I  V  r' »  *  /  *  nmK.n  m-i 

m, ,  m2 

y)| 

- -  y  T  .5  6  .5  .  -  T 

2^  ^  |  m  j  m  t  m  n  n  >i  m .  n  m 


If  (2)  and  (3)  are  multiplied  by  (T)  from  (8),  we  obtain  a 
set  of  coupled  equations  for  the  scattered  field  expansion 
coefficients  which  are  averaged  over  all  possible  orienta¬ 
tions. 

It  remains  now  to  perform  an  average  over  all  possible 
positions.  To  this  end,  one  can  introduce  a  probability 
density  function  of  finding  the  first  scatterer  at  rj,  the 
second  scatterer  at  r2,  and  so  forth  by  p(7{,  71%- ,  r„), 
which  in  turn  may  be  expressed  in  terms  of  conditional 
probability  p/r^r j),  of  finding  a  scatterer  at  7J  if  a  scatterer 
is  know  to  be  at  7r  The  two-point  joint  probability  func¬ 
tion  p(7t\r,)  is  in  turn  defined  in  terms  of  the  radial 
distribution  function  g(|^  -  i;|)  as  follows: 


pyy) 


p*(i  v 


\7r7\>2a 
\7-7\<  2 a 


where  V  is  the  large  but  finite  volume  occupied  by  the 
scatterers  and  2 a  is  the  largest  dimension  of  the  scatterer. 
Here,  the  scatterers  are  not  permitted  to  penetrate  one 
another.  Several  models  of  g(r)  are  available  and  are 
briefly  outlined  in  Bringi  et  al.  [8],  The  radial  distribution 
functions  obtained  using  the  self-consistent  approximation, 
which  is  a  linear  combination  of  the  Pcrcus-Ycvick  and 
hypernetted  chain  approximations,  seem  to  be  good  for  a 
wide  range  of  concentrations,  and  are  also  used  in  our 
computations  here.  Improved  forms  of  g(r)  as  outlined  by 
Twersky  [9]  for  nonspherical  statistics  can  also  be  em¬ 
ployed  if  it  can  be  extended  to  higher  orders  of  concentra¬ 
tion.  Performing  the  configurational  averaging  and  invok¬ 
ing  the  quasi-crystalline  approximation  as  outlined  in 
Twersky  [10]  and  Varadan  et  al.  [11],  [12].  We  obtain  the 
average  scattered  field  coefficients  as  follows: 


m')'(n  -  m'Y  J  1  2/ 

1  P\m 

\<T") 

(smj)  "••"'(cos/J).  (7) 

(c>, 

(r22)J 

_(  >i i i ) 

(10) 

r.  r.  •  .  <r.  r.  <.  /•.  .  ,  v  f.  V,  -rfw.  V,  v  V. 
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In  (14)  and  (15),  jq  and  hq  are  the  spherical  Bessel 
2n  +\  e'i  7'  functions,  and  the  primes  denote  differentiation  with  re- 

/  \„ _ ! _ ,"i _ [5  +/!.(/!. +1)5  .1  spect  to  the  argument.  The  expressions  for  “a”  and  “b" 

'  n'm''  «i(,1i+l)  2/  l  m"1  m"  ^  occuring  in  (14)  are  related  to  the  Wigner  3—  j  symbols 

1  n  00  "2  and  are  given  by  Cruzan  (13).  Setting  the  determinant  of 

+  y  Z'  Z  Z  j  B-,C( 7,'Tj)  the  coefficient  matrix  generated  from  (14)  to  zero,  we  can 

'  j- 1  l/'  solve  for  the  average  propagation  constant  K  **  +  iK2. 

+  (CJ  \Cntm,(r— r)]e(\r— 7)dr  (11)  real  Par‘  ^1  »s  related  to  the  phase  velocity,  while  the 

\  "•"v  n'm'  '  '  '''Is''1-'  *'  '  imaginary  part  K2  is  related  to  the  coherent  attenuation. 

For  ferrites,  it  is  not  possible  to  obtain  the  values  of  /i  and 
7  -  t  separately  from  a  knowledge  of  the  wavenumber  alone. 


j  —  l  -  0  —  -  n2 


+  (  C„'lJBl)  ( ?,  -  r, )]  g(  \rt  -  r, ) drJ  (11) 


_ 1  •«.  f _ *  [$  +  n  /n  + ]  For  nonmagnetic  materials  with  -  /x0t  this  is  possible. 

n,(nt  +  l)  2/  I  mi-'  1  ’  "■■"'I 

1  v  «  "1  III.  Analytical  Solution  for  the  Effective 

+  —  Z’  E  L  /  [(  0)  Wavenumber  in  a  Ferrite  Composite  for 

y  ■  1  Bj  "0  Wj  "  “  "  **  ^ 


1  v  do  "1  III.  Analytical  Solution  for  the  Effective 

+  —  Z’  E  L  /  [{  (r,  ~  0)  Wavenumber  in  a  Ferrite  Composite  for 

*y-t  Bj-o  m, --.I,  K’  Microwave  Frequencies 

+  (  C' m  \ B”^(r,  “  ^)]  g(|5)  -  (12)  Equations  (14)  and  (15)  of  the  previous  section  can  be 

'  1  '  11  solved  numerically  as  illustrated  in  several  papers  by 

In  (11)  and  (12),  V  denotes  the  volume  of  the  medium  Varadan  el  al.  Ill],  [12],  For  the  problem  at  hand,  it  was 
excluding  a  sphere  of  radius  2a.  For  identical  scalterers  m0re  convenient  to  solve  the  truncated  set  of  dispersion 
i”W-l  and  4tt(N  —  \)ay/W  =*  c,  the  volume  con-  equations  analytically.  At  frequencies  in  the  gigahertz  range, 
centration  of  “scalterers  provided  N  is  large  enough.  the  wavelength  in  PVC  is  of  the  order  of  several  millime- 
To  find  the  average  propagation  constant  K  for  the  ters.  Radar  absorbing  composites  have  to  be  designed  such 
composite  medium,  we  assume  a  plane-wave  propagation  that  enough  attenuation  and  reflection  reduction  is  achieved 
with  effective  wavenumber  K  in  the  same  direction  as-  the  ;n  a  coating  which  is  a  millimeter  or  two  in  thickness.  The 
incident  wave  direction  with  unknown  amplitudes  Y  and  Z  ferrjte  particles  are  much  smaller  than  a  millimeter  in 


(0,-z, 


Equation  (13)  is  substituted  in  (10)  and  the  extinction 
theorem  can  be  invoked  to  cancel  the  incident  wave  term 
on  the  right-hand  side  of  (11)  and  (12).  The  resulting 
equations  are 

l"l  ♦  "ll  00  os  "1 

n.-  z  z  z  z 

v-K  -  "jl  "i  -0  «,-o  -it,  -  -  «, 


diameter.  Thus,  one  can  safely  solve  the  dispersion  equa¬ 
tion  in  the  long  wavelength  approximation. 

Retaining  only  the  dipole  terms  in  (14),  we  obtain 

(r,,)„(y//0  +  i///i)-i  =  Q 

\(Tn)nJ»2  (Ta)n{JH0  +  kJHt)-1  " 


Z  (-i)*V>-"5miimi(y//), 


+  nl-<7)fl(w2'n2l— wl»nll<?) 


and 

Z..  -  ■  •  •  (l^b) 

where  ( 1 4b)  can  be  obtained  from  (14a)  by  replacing  (T11) 
and  (Tn)  by  (T21)  and  (T12),  respectively.  The  term 
(  JH)q  is  given  by 

{JH)<~r,  \r~7T  Ti[^oJq(2Ka)h'q(2ka) 

(ka)  -(Ka) 

-2Kahq(2ka)j'(2Ka)\ 

+  24c  (X x2[g(x)  -  l] 
h 

■hq(2kax)jq(2Kax)dx.  (15) 


The  hole  correction  and  the  correlation  integral  of  (15)  can 
be  written  analytically  as 

JH ,  "  ~  [Maj„(2Ka)h'„(2ka) 

(ka)  -(Ka) 

~2Kahq(2ka)j'(2Ka)} 

+  24c  (°°x 2 [ g( x )  -  1 ] 

J\ 

■hm(2kax)j„(2Kax)dx.  (17) 

For  spherical  particles,  the  dipole  term  of  the  T-matrix 
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takes  the  form 


, ,  ~  {mi7ii[^Jii hhi[2M  (^ia)-/2il } 

11  {Mt7n[2^i2  —  ( ^ 2a ) ^ 22I  “M2^n l^y’ii  -(^ifl)yjil } 

“  (m,  j\i l2; u  ~  ( k ia )  Jn\ ~  M 2~~Jn \2J n  ~  ( k ia )  Jn 1 1 
,r2M  „_J _ (J£i - l 

\  *  /ii  /  • 

{  12  [2yti  -(^ta)>2i]  -/t2~~At[2At2  -(*2a)A22]  / 


According  to  the  symmetry  of  the  T-matrix  for  a  spherical 
scallorer 

(r,J)n-0  and  (rJI)u  -0. 

Here,  the  following  notation  has  been  used: 

j„m  -  j„{k„a)  spherical  Bessel  function 
h„m  =  k„(kma)  spherical  Hankel  function, 

v 

n,  wi  —1.2 

and  the  subscripts  I  and  2  for  k  (or  subscripts  1  and  2  for 
H  and  <)  represent  the  properties  of  the  scatterer  and  the 
matrix,  respectively. 

In  the  microwave  frequency  range,  the  solution  to  the 
effective  properties  of  a  ferrite  composite,  which  is  a  mix¬ 
ture  of  ferrite  particles  embedded  in  a  plastic  matrix,  is 
given  as 


where  rj  -  (Kl/k0)+  i(K2/k0).  The  real  part  of  17  enables 
us  to  calculate  the  effective  index  of  refraction,  while  the 
attenuation  in  the  composite  is  inferred  by  the  imaginary 
part  of  ij. 

The  parameters  in  (19)  are  now  defined  as  follows: 
a  -  cl{U-y1U-2yV)/y2  p  -  c1(2yU  +  V  -  ylV  )/>. 
?,  =  C(  By  +  A)/V\  S 2-C(by-C)/v , 

(j~C(yC+D)/y  -  C(  Ay  -  R)/\ , 

(/=  BC- AD 
V-AC+BD 

A-2{By  +  A),  B-2(Ay~  B), 

C  —  2(Cy  —  D),  D-2{Dy  +  C) 

*  -  Km',  -  m'2)(2m'2  +  m',)  +  (m',' -  m'2')(2m2  +  mV)] /A 
®  “  [(mV  ~  Ma  )(2m3  +  Mi)  —  ( Mi  “  m'2)(2mV  +  Mi'] /A 
c-  K«J-€i)(2«S +«{) +  («"-«'/ )(2«2+c«')]/A' 

D  «i)(2«i  +  «!)-(«;— «i)(2cy  +  Cl')]/A* 


4(e  -  1  -  -fj)  +  4i(i>  -  fj  -f4  +  0Dw  +  0  Aw  -2wcU0/yt  +  2 wc0UV/y}) 
{o  —  2  +  2ft  +2fj)  +  i[p  +  2J2  +  2f4  +4  0Aw  +4  0Dw  +  (40wcU/  yx)\ 


(19) 
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Fig  3  Normalized  value  of  the  real  part  of  the  effective  wavenumber 
versus  frequency 


Fig.  4  Normalized  value  of  the  imaginary  part  of  the  effective  wave, 
number  versus  frequency. 


Fig  5  Normalized  value  of  the  real  part  of  the  effective  wavenumber 
versus  frequency  for  different  cases. 


255 


Fig.  6.  Normalized  value  of  the  imaginary  part  of  the  effective  wave- 
number  versus  frequency  for  different  cases. 


TABLE  1 


Case 

1. 

Aaeuaed  properties  fat 

’  P«jO^  which  oatch  well  with 

the  esper laencaL 

J*t«  <Cj\  if.  uf,  .M 

k^"  for  Pej04  caa  be  found  In 

Figure  L) . 

Case 

2. 

Properties  of  caae  1, 

bet  reduce  by  20t. 

Case 

1. 

Prepare  lee  of  case  1, 

but  reduce  by  ))  i/Jl. 

Caae 

4. 

Proper ties  of  Case  l. 

Ceea 

5. 

Properties  of  case  l. 

but  reduce  by  201. 

Case 

4. 

Cj  la  caae  l.  but  ^  as  for  !UFe,Ot  (4-4. 1*}. 

Th«  properties  for  PVC 

cj  -  2.  c“  -  0 

(values  are  relative  to  free  apace) 

uj  -  l.  uj  •  0 


A-(2M'2  +  m',)2  +  (2  Mi  +  M',')2 
A'«  (2e'2 +  <;)*  + (2c'2'  +  <;')J 
y  -  ( x2  -  3*2  X2')/(  Xl  -  3A"2  A'j'2) 
^,-(l  +  Y2) 

W-  (l-c)4/(l+2c)2 
yi  -  yf 

P-{Xl~  lX2X?)/3 
X2-‘Re{k2a) 

X2  -  Im(fr2a) 

Mi  -  Mi  +  'Mi 
<i-<i  +  ««i 

*2-«/(Mi€2)1/2. 


L 
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rm' 

r' 


TABLE  II 


Frnqunocy (CH«) 

C*M 

VVW 

Vko 

0.6 

l 

6.43(0.136) 

0.62 

2 

6.  12(0.163) 

0.62 

3 

3.87(0.170) 

0.66 

4 

6.64(0.150) 

0.61 

5 

6.09(0. 164 ) 

0.62 

6 

6.  16(0.162) 

1.53 

txp- 

6.48(0. 154) 

0.60 

l 

6.37(0.157) 

1.02 

1.0 

2 

6.07(0.165) 

1.08 

3 

3.85(0.171) 

1.08 

4 

6.64(0.151) 

1 . 04 

5 

6.03(0.166) 

0.98 

6 

5.41(0.185) 

1.70 

Cxp. 

6.26(0.160) 

0.95 

1 

5.00(0.200) 

1.93 

2 

4.58(0.216) 

1.99 

) 

4.35(0.230) 

2.02 

4 

s.iKo.m) 

2.09 

5 

4.73(0.211) 

1.91 

6 

4.24(0.236) 

2.14 

U9  ■ 

5.07(0.197) 

1.66 

1 

3.90(0.256) 

2.15 

2 

3.47(0.288) 

1.99 

3 

3.19(0.313) 

1.87 

4 

4.02(0.249) 

2.21 

5 

3.63(0.275) 

2.01 

6 

3.82(0.262) 

2.17 

r.Kp. 

1.86(0.259) 

1  39 

i 

2.86(0.350) 

1.42 

2 

2.6UQ.38)) 

L.29 

6.0 

3 

2.40(0.417) 

1.15 

4 

2.99(0. 334) 

1.48 

5 

2.69(0. 372) 

1.34 

6 

2.91(0.344) 

1.48 

£xp. 

2.99(0.334) 

1.36 

1 

1.17(0. 315) 

0.99 

10. 0 

2 

2.91(0. J44) 

0.91 

1 

2.71(0.369) 

0.85 

4 

3. 32(0. 301 > 

1.04 

5 

2.98(0.336) 

0.94 

i 

3.03(0.330) 

1.04 

• 

Ii» 

3.10(0.123) 

0.95 

70*  FtjO.  p«rtlel«» 

in  rvc,  K- 

. 

Fig.  7  Reflection  coefficient  versus  frequency  for  FejO,  composite  slab 
for  different  slab  thicknesses 

IV.  Rbsults  and  Conclusions 

The  complex  effective  wavenumber  K  -  K,  +  iK2  as 
given  in  (16)  was  computed  as  a  function  of  frequency  for 
Fe304  particles  dispersed  in  a  PVC  matrix.  The  dielectric 
constant  of  PVC  was  taken  to  be  <2  -  2 <0  and  /*2  "  Mo-  I* 
was  assumed  that  both  <2  and  m  are  nondispersive  and 


Fig.  8.  Normalized  value  of  the  real  part  of  the  effective  wavenumber 
versus  frequency  for  spherical  and  spheroidal  Fe304  particles  in  PVC. 


FREOUENCY  ( CM*  I 

Fig.  9.  Attenuation  versus  frequency  for  spherical  and  spheroidal  Fe304 
panicles  in  PVC. 

nonlossy  at  the  frequencies  of  interest.  As  mentioned  in  the 
Introduction,  measured  electric  and  magnetic  properties  of 
Fe304  particles  in  isolation  are  not  available  in  the  litera¬ 
ture.  The  high  conductivity  of  Fe304  is  cited  as  reason  for 
the  difficulty  in  measurements  [14],  Measured  values  of  the 
composite  properties  for  70  percent  volumfe  fraction  of 
Fee04  particles  in  PVC  have  been  reported  by  Ueno  el  al. 

PI- 

They  have  presented  measured  data  for  the  real  and 
imaginary  parts  of  the  dielectric  function  (<)  *»  («')  +  i(t") 
and  (fi)  -  (/*')  +  '(/*")  as  a  function  of  frequency. 

In  our  calculations,  we  had  to  assume  the  properties  of 
«<('  and  m  -  jij  +  i>"  that  were  reasonable  (3)  and 
lead  to  approximate  agreement  with  the  measured  values  of 
Ueno  el  al.  [2]  for  the  composite  properties. 

For  most  ferrites  (iron  oxides),  in  the  frequency  range 
between  0.25  -  2-3  GHz,  the  imaginary  part  of  the  mag- 
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netic  permeability  displays  a  characteristic  peak  due  to  the 
natural  'errimagnetic  spin  resonance  of  the  iron  oxide.  It  is 
this  high  value  of  p'{  and  the  high  conductivity  of  the 
ferrite  that  results  in  a  large  (imaginary  part  of  the 
dielectric  function)  that  leads  to  the  high  absorption  of  EM 
waves.  At  frequencies  lower  than  0.5  GHz,  cj'  increases 
with  decreasing  frequency  while  ji,'  decreases  with  decreas¬ 
ing  frequency.  Thus,  there  are  two  loss  mechanisms  present 
that  span  the  very  low  to  high  frequencies  leading  to  the 
desired  absorption.  In  Figs.  1  and  2,  the  assumed  values  of 
and  <!  for  Fe304  are  presented  as  a  function  of 
frequency.  In  Figs.  3  and  4,  the  computed  normalized 
values  of  the  real  and  imaginary  parts  of  the  effective 
wavenumber  in  the  composite  are  plotted  and  compared 
with  the  experimental  values. 

In  Figs.  5  and  6,  the  real  and  imaginary  parts  of  the 
effective  wavenumber  are  presented  and  compared  for  six 
different  cases.  Case  1  is  the  same  as  the  computed  results 
of  Figs.  3  and  4  with  properties  as  assumed  in  Figs.  1  and 
2.  In  cases  2-6,  <3  and  ji,  were  varied  as  explained  in 
Table  1.  In  Table  II,  the  effective  wavenumber  normalized 
by  the  free-space  value  is  tabulated  for  the  six  different 
cases  at  selected  frequencies  along  with  the  measured  val¬ 
ues.  It  was  concluded  that  if  the  measured  values  as 
reported  by  Ueno  et  al.  [2]  are  correct,  then  the  values  of 
and  ja |  as  shown  in  Figs.  1  and  2  are  expected  to  be  quite 
close  to  the  actual  values  for  Fe304  in  isolation  since  they 
provide  the  best  fit  with  experimental  data. 

It  can  be  seen  that  case  3,  which  corresponds  to  a 
decrease  in  the  value  of  ja,  -  fi',  +  by  20  percent,  leads 
to  much  lower  values  of  absorption,  indicating  the  im¬ 
portant  role  of  jij  on  ihe  imaginary  part  of  the  effective 
wavenumber  in  the  composite. 

In  Figs.  7  and  8,  the  reflection  coefficient  of  a  slab  of  the 
Fe,04-PV'C  composite  in  free  space  is  plotted  as  a  func¬ 
tion  of  frequency  for  three  different  slab  thicknesses.  The 
reflection  coefficient  generally  decreases  as  a  function  of 
frequency  but  is  nevertheless  high  al  the  lower  frequencies 
due  to  the  high-volume  fraction  of  Fe304.  It  is  suggested 
that  the  composite  should  be  constructed  in  a  graded 
fashion  so  as  to  reduce  the  initial  reflection  by  matching  its 
impedance  to  the  free-space  value. 

Finally  the  effects  of  a  nonspherical  shape  was  studied 
to  a  limited  extent.  In  Fig.  9.  the  real  and  imaginary  parts 
of  the  wavenumber  for  disk-shaped  particles  (oblate 
spheroids  of  aspect  ratio  4:1)  that  are  parallelly  oriented 
with  waves  incident  along  the  axis  of  symmetry  are  com¬ 
pared  with  those  of  spherical  particles.  For  this  particular 
orientation,  the  attenuation  produced  by  the  spherical  par¬ 
ticles  is  considerably  less  than  for  the  disk-shaped  particles. 
Calculations  are  in  progress  for  needle-shaped  particles, 
parallelly  oriented  or  randomly  oriented. 

If  one  is  interested  in  specific  materials  for  which  no 
measured  spectra  of  the  magnetic  and  electrical  properties 
are  available,  it  may  be  possible  to  arrive  at  reasonable 
values  t”,  n\.  and  n'{  by  fitting  them  to  simple  equa¬ 
tions  that  involve  the  characteristic  resonance  frequency  or 
relaxation  time  of  the  material  and  the  asymptotic  values 


of  t  and  These  values  will  have  to  be  obtained  from 
measurements,  but  these  are  easier  to  measure  than  the  full 
spectrum. 

ACKNOWLEDGMENT 

Helpful  discussions  with  Profs.  L.  E.  Cross  and  R.  E. 
Newhham  of  Pennsylvania  State  University  are  gratefully 
acknowledged.  The  authors  would  like  to  thank  the 
reviewers  for  carefully  reading  the  manuscript  and  for  their 
suggestions  and  comments. 

References 

[1]  B  Lax  and  K.  J.  Button,  Microwave  Ferrites  and  Fernmagnencs 
New  York:  McGraw-Hill,  1962. 

[2]  R  Ueno.  N  Ogasawara,  and  T  Inui.  "Femtes— or  iron 
oxide — impregnated  plastics  serving  as  radio  wave  scattering  sup¬ 
pressors."  in  Proc  Int  Con j  Ferrites  (Japan).  1980,  pp  890-893 

[3]  J  Smil  and  H  P  J  Wijn,  Ferrites  Holland  Philips'  Technical 
Library.  1959 

[4|  V  K  Varadan.  V  N  Bnngi.  and  V  V  Varadan.  “Coherent 
electromagnetic  wave  propagation  through  randomly  distributed 
dielectnc  scatlerers."  Phvs  Rev  D.  vol.  19,  pp  2480-2489.  Apr 
1979 

1 5)  V  N  Bnngi.  T  A  Seliga.  V  K  Varadan.  and  V  V  Varadan.  “  Bulk 
propagation  charactensucs  of  discrete  random  media."  in  Multiple 
Scattering  of  I Vases  tn  Random  Media .  P  L  Chow.  W  fi  Kohler, 
and  G  Papanicolaou.  Eds.  Amsterdam  North- Holland.  1981.  pp 
43-75 

[6]  V  K  Varadan  and  V.  V  Varadan,  Eds .  4  caustic.  Electromagnetic 
and  Elastic  Wave  Scattering  ~  Focus  on  the  T-Matrn  Approoih 
New  York:  Pergamon  Press.  1980 

1 7 1  A  R  Edmonds.  Angular  Momentum  in  Quantum  Mechanics 
Princeton.  N.J..  Pnnceton  University  Press.  1957 
18]  V  N  Bnngi,  V  V  Varadan.  and  V  K  Varadan.  “The  effects  of 
pair  correlation  function  on  coherent  wave  attenuation  in  discrete 
random  media,"  IEEE  Trans  Antennas  Prnpngat  .  vol  AP-30.  pp. 
805-808.  July  1982. 

(9J  V  Twersky,  "Reflection  and  scalienng  of  sound  by  correlated 
rough  surfaces."  J  Acoust  Soc  An i..  vol  73.  pp  85-94.  Jan  1983 
|t0]  V  Twersky.  “Coherent  electromagnetic  waves  in  pair-correlaied 
random  distnbulion  of  aligned  scalterers."  J  Math  Phis  .  vol  19 
pp  215-230,  Jan.  1978 

|ll]  V  K  Varadan.  V  N  Bnngi.  V  V  Varadan.  and  A.  Isliiruaru. 
"  Multiple  scalienng  theory  for  waves  in  discrete  random  media  and 
companson  with  expenments."  Radio  See.  vol.  18.  pp  321-327 
1983 

[12]  V  K.  Varadan,  Y.  Ma.  and  V.  V  Varadan.  "Coherent  electromag¬ 
netic  wave  propaganon  through  randomly  distributed  and  oriented 
pajr-correlaled  dielecinc  scatlerers."  Radio  Set  .  vol  19  pp 
1445-1449,1984 

(13)  O  R  Cruzan,  "Translation  additional  theorems  for  spherical  vector 
wave  equations."  Q  Appl  Math  .  vol  20.  p  33.1962 

1 1 4]  R  Newnham.  pnvate  communication 


* 


Vijay  K.  Varadan  (M’82)  received  the  M  S  degree 
in  engineering  mechanics  from  Pennsylvania  Slate 
University  in  1969  In  1974.  he  obtained  the 
Ph  D  degree  in  theoretical  and  applied  mecha 
nics  from  Northwestern  University. 

During  1974-1977,  he  was  a  faculty  member 
in  the  Department  of  Applied  Mechanics  at 
Cornell  University.  From  1977  lo  1983,  he  was 
on  ihe  faculty  of  the  Engineering  Mechanics 
Department  at  Ohio  Slate  University  In  1983.  he 
joined  the  faculty  of  the  Engineering  Science  and 


H 


«.  N  V  >  aj  .a-va-VlV  VI  .A  ■'  -  J  It  t  v  *-  8-  -  ^L.-./,y4LL-ll  ^  a-  W  A  'AJk 'L  WNi  hr  \i  V  «•  w  i  iJl .  Ik 


w.  -  W  -  \  -  V  w~.  VV 


»  V'F  wip:r:w,'^TT»7 ^  .  .  v-v-  • . 1  v 


*% 


25M 


II  I  I  IKANSACIIONS  on  microwave  theory  AND  TECHNIQUES.  VOL.  mtt-34,  NO  2.  EEUR\'»ARY  W*b 


e 


i 


0 


Mechanics  Department  at  Pennsylvania  State  University  as  a  Professor, 
where  he  is  aJso  a  faculty  member  of  the  Graduate  Program  in  Acoustics 
and  the  Material  Research  Labotatory  and  the  Director  of  the  Laboratory 
for  Electromagnetic  and  Acoustic  Research  His  current  research  interests 
arc  in  the  general  area  of  wave  phenomena  as  it  applies  to  acoustics, 
electromagnetic,  and  elastodynamic  fields,  propagation  in  random  media, 
design  of  composite  materials  for  specific  electromagnetic  and  acoustic 
properties,  numerical  techniques  for  the  solution  of  scattering,  and  its 
inverse  problems. 

Dr  Varadan  is  a  Fellow  of  the  Acoustical  Society  of  America  and  a 
member  of  ASME 


* 


Vasundara  V.  Varadan  (M’82)  received  the  M  S. 
and  Ph.D.  degrees  in  physics  from  the  University 
of  Illinois  at  Chicago  in  1970  and  1974,  respec¬ 
tively.  She  was  in  the  Theoretical  and  Applied 
Mechanics  Department  at  Cornell  University  as 
a  post-doctoral  Associate  during  1974-1977. 

From  1977  to  1983,  she  was  on  the  faculty  of 
the  Engineering  Mechanics  department  at  Ohio 
Stale  University.  In  1983.  she  joined  the  En¬ 
gineering  Science  and  Mechanics  Department  at 
Pennsylvania  State  University  as  an  Associate 
Professor,  where  she  is  also  a  faculty  member  of  the  Graduate  Program  in 
Acoustics  and  the  Materials  Research  Laboratory.  Her  research  interests 
are  in  the  general  area  of  wave  phenomena  as  it  applies  to  acoustic, 
electromagnetic,  and  elastodynamic  fields,  propagation  in  random  media, 
design  of  composite  materials  for  specific  electromagnetic  and  acoustic 
properties,  numerical  techniques  for  the  solution  of  scattering  problems, 
and  inverse  problems. 

Dr.  Varadan  is  a  Fellow  of  the  Acoustical  Society  of  America,  a 
member  of  the  American  Academy  of  Mechanics,  and  the  Society  of 
Engineering  Science. 


* 

Yushieh  Ma  received  the  M  S  degree  in  Coastal 
and  oceanographic  engineering  from  the  Univer¬ 
sity  of  Florida  in  1979.  In  1982,  he  obtained  the 
Ph  D.  degree  in  aerospace  and  ocean  engineering 
from  the  Virginia  Polytechnic  Institute  and  State 
University.  From  1982-1983.  he  worked  as  a 
post-doctoral  researcher  at  Ohio  Slate  Univer¬ 
sity. 

In  late  1983,  he  joined  the  faculty  in  the  De¬ 
partment  of  Engineering  Science  and  Mechanics 
at  Pennsylvania  State  Unaiversity,  where  he  is 


now  an  Assistant  Professor  His  research  interests  include  remote  sensing 
in  geophysics,  underwater  acoustics  and  multiple  scattering  of  wave*  in 
random  media.  * 

Dr.  Ma  is  a  member  of  the  Acoustical  Society  of  America,  American 
Society  of  Civil  Engineers,  and  the  Amencan  Institute  of  Aeronautics  and 
Astronautics. 


* 


W,  F.  Hall  received  the  Ph.D.  degree  in  physics 
from  the  University  of  California  in  1964. 

From  1961  to  1964,  his  work  expenence  en¬ 
tailed  preliminary  design  for  guidance,  naviga¬ 
tion,  and  control  systems  at  Northrop  Nortron 
ics,  Palos  Verdes,  CA.  From  1965  to  the  present, 
he  has  worked  as  a  Research  Physicist,  Member 
of  Technical  Staff,  and  currently  as  Group  Leader 
at  the  Rockwell  Science  Center.  In  1970  (spring 
semester),  he  was  co- Instructor.  Mathematical 
Methods  in  Research  at  Harvey  Mudd  College. 
Claremont.  CA,  funded  u.ider  a  Sloan  Foundation  Grant  to  explore  new 
methods  in  teaching.  He  has  made  significant  scientific  contnhution.s  in 
the  following  areas.  1)  Charged- particle  scattering  in  crystals:  His  work 
with  R.  E  DeWames  and  G.  W.  Lehman  was  the  first  to  point  out  and 
evaluate  the  importance  of  quantum  effects  in  channeling,  a  phenomenon 
in  which  charged  particles  penetrate  a  crystal  lattice  to  great  depths  In 
later  work,  the  conditions  which  govern  the  transition  of  this  phenomenon 
from  quantum  to  classical  behavior  were  established.  2)  Properties  of 
magnetic  systems:  He  has  contributed  to  the  understanding  of  a  wide 
range  of  phenomena  in  magnetic  systems,  including  magnetic  bubble-do¬ 
main  dynamics,  surface  magnetization  near  the  transition  temperature, 
and  thermal  properties  of  the  magnetization  in  the  vicinity  of  a  magnetic 
impurity.  3)  Viscoelastic  effects  in  polymer  solutions:  With  R.  E  De¬ 
Wames  and  M.  C.  Shen,  he  has  investigated  and  extended  the  currently 
accepted  theories  of  the  frequency -dependent  viscosity  in  polymer  solu¬ 
tions.  applying  these . theories  to  the  calculation  of  the  relaxation- nmc 
spectrum  of  block  co-polymers.  4)  Characteristics  of  compound  semicon¬ 
ductor  interfaces;  He  has  derived  a  relationship  between  the  current- volt¬ 
age  characteristic  of  a  semiconductor  heterojunction  and  the  variation  in 
material  properties  in  the  vicinity  of  metallurgical  interface  In  conjunc¬ 
tion  with  W.  E  Tennant,  J.  Cape,  and  J.  S  Harris,  he  has  developed  an 
optical  technique  for  probing  the  position  dependence  of  the  bandgap 
near  the  interface  In  addition  to  his  research  in  the  above  areas,  he  has 
collaborated  in  the  investigation  of  a  number  of  diverse  topics,  including 
distributed- feedback  lasers,  magnetic  suspension  viscosity,  dielectric  prop¬ 
erties  of  salt  solutions,  and  various  applications  of  electromagnetic  theors 
Dr  Hall  is  a  member  of  the  Amencan  Physical  Society,  Pi  Mu  Epsilon, 
and  Sigma  Pi  Sigma,  and  has  40  publications 


.v.y.y.,-.' 


-‘  •"  .  •*.  V. 

.  y.Vl  vlv-v-v-v-'wlvj 


.  .V -V  «V u  dSajCOdCkCi 


. 


GEOPHYSICS,  VOL  51.  NO  J  (MARCH  1986);  P  689-698.  5  FIGS. 


Acoustic  response  of  manganese  nodule  deposits 
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ABSTRACT 

Backscattered  acoustic  intensities  are  studied  analyti¬ 
cally  for  manganese  nodule  deposits  excited  by  a  nor¬ 
mally  incident  plane  wave.  The  primary  objective  is  to 
use  this  remote-sensing  technique  to  infer  the  nodule 
concentration  as  well  as  its  size  distribution  from  the 
frequency  spectrum  of  the  acoustic  response. 

For  sparse  distributions  of  scatterers,  multiple  scatter¬ 
ing  theory  has  been  used  to  obtain  the  coherent  reflec¬ 
tion  and  transmission  coefficients  frpm  the  sea  floor 
covered  with  manganese  nodules.  The  derived  equations 
can  also  be  used  for  densely  distributed  configurations 
when  considering  higher-order  statistics  between,  scat¬ 
terers.  The  validity  of  the  formalism  is  examined  by 
using  the  principle  of  conservation  of  energy  and  con¬ 
sidering  both  the  coherent  and  the  incoherent  inten¬ 
sities. 

Numerical  results  of  acoustic  intensities  are  highly 
frequency-dependent,  especially  when  the  nondimen- 
sional  frequency  ka  is  greater  than  1.  The  strength  of  the 
acoustic  intensity  is  proportional  to  nodule  con¬ 
centration.  Different  size  distributions  of  nodules  can  be 
distinguished  through  use  of  the  intensity  measure¬ 
ments.  However  only  a  minor  difference  is  observed  in 
the  low-frequency  range  between  uniform  and  Rayleigh 
size  distributions. 


INTRODUCTION 

Manganese  nodules,  which  also  contain  other  minerals  such 
as  nickel  and  copper,  are  of  economic  importance  due  to  their 
natural  abundance  on  the  deep  ocean  floor.  Because  70  to  80 
percent  of  the  metals  they  contain  are  currently  imported  into 
the  United  States,  GrafT  (1984)  and  Spiess  et  al.  (1983)  predic¬ 
ted  that  the  mining  and  exploration  of  manganese  nodule 
deposits  will  become  increasingly  important  and  feasible.  The 
physics  of  nodule  deposits  was  discussed  in  Glasby  (1977)  and 
Greenslate  (1977).  Magnuson  et  al.  (1981,  1982)  described  how 
an  acoustic  remote-sensing  technique  could  be  used  to  infer 


the  area  weight  density  (tons  of  nodule  per  unit  area)  and  the 
average  nodule  size,  which,  in  turn  will  indicate  the  appropri¬ 
ate  type  of  mining  equipment  to  be  used. 

Remote  acoustic  sensing  techniques  provide  an  economical 
way  to  infer  the  presence  and  abundance  of  manganese  nodule 
deposits  on  the  deep  ocean  floor.  The  coherent  acoustic  reflec¬ 
tion  from  the  ocean  bottom  is  analyzed  over  a  nondimension- 
al  frequency  range  ka  —  2k fa/ c  from  0.2-5.0,  where  /  is  the 
frequency  in  hertz,  a  is  the  mean  nodule  radius,  and  c  is  the 
acoustic  wave  speed  in  water.  Previous  studies  were  confined 
to  an  analysis  of  the  coherent  reflectivity  only  and  provided 
only  limited  information  about  the  nodule  distribution. 
Measurement  of  the  incoherent  intensity  provides  additional 
information.  An  improved  theoretical  model  is  presented  for 
determining  both  the  coherent  and  incoherent  intensities. 

Acoustic  intensity  measurements  are  common  in  under¬ 
water  acoustics.  To  compare  the  field  measurements  with  the 
theoretical  calculations,  the  incoherent  intensity  must  also  be 
considered  because  it  becomes  significant  as  the  sounding  fre¬ 
quency  increases.  An  intensity  calculation  based  on  the  energy 
principle  for  nonabsorbing  scatterers,  which  was  investigated 
in  Twersky  (1957),  is  discussed  here,  4pd  conservation  of 
energy  is  used  to  check  the  numerical  accuracy.  The  study, 
although,  restricted  to  sparse  nodule  distributions  so  that 
higher-order  scattering  can  be  neglected,  nevertheless  includes 
some  interaction  among  the  nodules.  The  use  of  multiple  scat¬ 
tering  theory  to  accommodate  denser  concentrations  of  nod¬ 
ules  is  currently  being  investigated.  In  addition,  any  given  size 
distribution  of  these  nodules  can  also  be  considered,  as  de¬ 
scribed  in  Ma  et  al.  (1983).  Calculations  are  presented  here  for 
uniform  and  Rayleigh  size  distributions 


REFLECTED  AND  TRANSMITTED  FIELDS 

We  consider  a  planar  distribution  of  nodules  modeled  as 
elastic  spheres  suspended  in  water  The  interstitial  space  be¬ 
tween  the  nodules  and  the  region  below  the  nodule  field  is 
assumed  to  be  occupied  by  water  This  is  an  approximation, 
but  the  soft,  water-saturated  mud  in  which  the  nodules  are 
actually  distributed  has  an  acoustic  impedance  that  closely 
matches  the  acoustic  impedance  in  water  relative  to  the 
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LIST  OF  SYMBOLS 


A  =  Area 

a  =  Size  of  nodule  (radius) 
c  =  Concentration  (IVita2/A) 
e,  «=  Unit  radial  vector  in  spherical  coordinates 
e,  »  Unit  vector  in  the  positive  z  direction  in 
rectangular  coordinates 
/(0)  =  Scattering  function 
g  =■  Density  ratio 

H  —  Depth  measured  from  receiver 
hi"  —  Spherical  Hankel  function  of  the  first  kind 
Im  (•)  —  Imaginary  part  of  (•) 
i  *  Imaginary  unit  (iJ  —  —  I) 

;'.(•)  »  Spherical  Bessel  function 
k  —  Wavenumber 
N  ■»  Total  number  of  scatterers 
n0  •»  Number  density  (N/A) 

<?(•)*»  Order  of  (•) 

P.  (cos  0)  —  Legendre  polynomials 
p  «»  Pressure 
R  —  Reflection  coefficient 
Re  (•)  ■■  Rial  part  of  (•) 

r  **  Distance  between  nodules  and  the  reference 
origin 

T  *•  Transmission  coefficient 
V  —  Total  scattered  field 
u  -  Individual  scattered  field 
v  —  Velocity  vector 


manganese  nodules  that  are  highly  reflecting  (high-impedance 
mismatch  to  water).  The  theoretical  model  of  the,-probletn  is 
based  on  the  earlier  work  of  Twersky  (1957)  and  Foldy  (1945). 
In  contrast  to  Twersky,  who  considered  rigid  spheres,  we  con¬ 
sider  elastic  spheres  and  retain  all  necessary  terms  in  order  to 
model  the  field  scattered  by  a  single  nodule  exactly. 

Plane  harmonic  waves  of  frequency  to  are  incident  normal 
to  the  nodule  field.  The  z-axis  points  upward  from  the  nodule 
field  at  z  =  0.  The  average  field  above  the  nodule  distribution 
is  the  sum  of  the  downgoing  incident  wave  of  amplitude  't,0 
and  upgoing  reflected  wave  whose  amplitude  differs  from  the 
incident  field  by  the  reflection  coefficient  R.  In  the  region 
z  <  0,  there  is  a  transmitted  field  of  amplitude  T'Po.  The  re¬ 
flected  and  transmitted  fields  are  due  to  scattering  from  the 
nodules  that  includes  multiple  scattering  effects.  The  average 
field  on  the  plane  z  —  0  must  be  independent  of  position. 
Twersky  (1957)  approximated  this  field  as  the  sum  of  the  inci¬ 
dent  fields  and  the  mean  value  of  the  reflected  and  transmitted 
fields  evaluated  at  z  —  0.  Foldy  (1945),  in  his  description  of  the 
multiple  scattering  of  waves  by  a  random  distribution  of 
spheres,  assumed  that  the  incident  field  that  excites  each 
sphere  is  simply  the  average  field  in  the  medium.  This  has 
come  to  be  known  as  Foldy’s  approximation  and  leads  to  a 
simple  equation  for  the  effective  propagation  constant  in  the 
composite  medium.  We  emphasize  that  this  is  not  a  single 
scattering  approximation.  In  our  model  we  used  Twersky's 
approximation  for  the  average  field  at  z  =  0  and  took  this  to 
be  the  field  exciting  the  nodules  in  the  spirit  of  Foldy's  formal¬ 
ism  The  fields  scattered  by  the  nodules  can  be  expanded  using 
outgoing  spherical  functions  with  coefficients  that  depend 
upon  the  reflection  and  transmission  coefficients  which  have 


x,  y,  z  —  Rectangular  coordinates 
y. ( -)  -  Spherical  Neumann  function 
0  ■*  Scattering  angle 
to  -  Angular  frequency 
Q  =  Solid  angle 

p  «■  Mass  density  of  fluid  medium 
o  —  Scattering  cross-section 
V  -  Gradient  operator 
y  —  Wave  function  (acoustic  potential) 

<  •  >  *■  Configurational  average 

<  •  >,  —  Configurational  average  holding  ith 

scatterer  fixed 

<  •  —  Configurational  average  holding  ;th  and 

kth  scatterers  fixed 

SUBSCRIPTS 

L  —  Longitudinal  wave 
m,  n  —  Indices  (integer) 

T  —  Transverse  wave 

SUPERSCRIPTS 

inc  —  Refers  to  incident  wave 
*  —  Complex  conjugate 
+  -  z  >  0  plane 
—  »  z  <  0  plane 


yet  to  be  determined.  The  details  of  determining  the  scattered 
field  are  given  in  Appendix  A. 

The  total  field  above  and  below  the  nodule  field  can  be 
written  as 

ft 

T(R)  -  'F,"*(R)  +  £  u;iR  -  tj)  -  'P‘"*(R)  +  UW.  Ill 

!•  I 

where  R  is  the  field  point  which  in  our  model  is  also  tbe 
location  of  the  receiver  and  transmitter.  In  equation  (II,  id,  a 
the  field  scattered  by  the  ;th  nodule  located  at  r;  on  the  :  •O 
plane,  and  N  is  the  total  number  of  nodules  distributed  overi 
large  area  A  such  that  .V  — •  x.  A— •  x,  but  n0  —  NiA  (the 
number  density  of  the  nodules)  is  finite 

Wc  are  interested  only  in  the  ensemble  averaged  fields,  be¬ 
cause  the  position  of  individual  nodules  does  not  affect  the 
response  to  a  great  extent.  The  configurational  average  (Ap¬ 
pendix  B)  of  equation  (1)  over  all  possible  positions  of  the 
nodules  weighted  by  the  joint  probability  distribution  functioo 
ptr,,  r2,  ,  r„)  and  the  size  distribution  function  q(at\  is  de¬ 

noted  by 

<'P„|>  -  da,  |  Jay  j  dr,  j  dr  y 

*  Tl Rlpir, ,  r j .  r„i  ^d,.d..  .  j,i 

The  incident  held  is  independent  of  the  nodule  iocatra! 
and  we  concentrate  on  the  jverage.  total  scattered  neid  X. 
cording  to  Foldy  I  I'MM.  the  held  exciting  each  n.sdule  mas 
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ipproximately  described  by  the  average  total  field  given  in 
rogation  1 1 1  From  Appendix  A.  we  write 


u'iR  -  r,)  =  Flu,,  R  -  rJX'F>(rJ), 


Flu,.  R  -  r,)  -  V  ■(2"-±i2  |  R  -  r,|)p.(cos  0>  (4) 

“(1  +  tC.) 


The  terms  in  equation  (4)  are  explained  in  Appendix  A.  In 
equation  (3)  <*F>  (r,)  is  simply  the  average  field  evaluated  at 


The  ensemble  average  of  equation  (3)  may  be  written.  Note 
(hat  it  depends  only  on  the  location  of  the  jth  scatterer  and 
:hat 


j  dr,  |dr,p<r,,r2.  •••, 


-J.  (5) 

A 


where  ptr,),  the  probability  of  locating  a  nodule  at  r;,  is  simply 
1  t  for  a  random  distribution.  Averaging  equation  (3)  yields 


{  I  -  «o  J  -  r^VXrj)  dr, 
F(R  -  r,)  -  J F(u,,  R  -  r^a,)  da,. 


and  qtai  is  the  size  distribution  function  obtained  from  ana¬ 
lyzing  pictures  of  nodule  deposits  on  the  sea  floor  This  is  used 
in  describe  statistically  how  different  nodule  sizes  are  distrib¬ 
uted  on  the  sea  floor 

The  average  field  should  depend  only  on  the  angle  of  inci¬ 
dence  x  and  the  height  of  (he  receiver-transmitter.  Introducing 
•election  and  transmission  coefficients. 


<ff'(R)>  -  ‘F'-'lRl  +  Rt'K'"*]*.  :  >  0, 


r  4,(  —  Ri>  =  r"£d  +  n 


where  the  complex  conjugate  denotes  an  upward  propagating 
»a*e  i Figure  It.  Thus  if 


•**, 

(10) 

(T/  -  f0lf  '*’  -  Re**). 

:  >  0. 

(11) 

■  'F /  -  'Fell  +  T)e 

z  <  0. 

(12) 

*e  note  that  the  average  field  at  z  —  0  is  independent  of  the 
coordinates  The  average  field  is  constant  and  can  be 
*"tren  following  Twersky.  1957)  as 


'V,  -  'V0 1 a:,  z  -  o 


i  .anon  >  1  3 1  is  used  in  equation  iftl  as  the  field  incident  on  a 
■■<i  ne  at  r  h  or  the  total  average  scattered  field,  we  obtain 


n./F.,  |  FlR  -  r,)[  1  +  IR  +  A  3]  dr, 

1 1 4 1 


For  remote  sensing  the  receiver-transmitter  is  in  the  far  field  of 
nodules,  such  that  k  |  R  -  r,|  »  1.  Then  we  use  the  asymptotic 
form  of  the  Hankel  function  in  equation  (4)  as  given  in  equa¬ 
tion  (A- 10)  and  obtain 

p®  pi*  -iwja-ri 


f®  flw  eli|»-rl 

W-f^rd^d*  — 
x  /(0)[1  +  (R  +  A/2], 


— —  1  00  COn  4-  1\ 

m  -  l  I  J  7-—  (-  l)*A(cos  QWa)  da. 


and  we  use  cylindrical  polar  coordinates  so  that 
dr  —  r  dr  d<j >. 

From  Figure  2  we  note  that 

|R  —  r|  —  H/ cos  0. 


We  further  note  that  the  integral  in  equation  (15)  is  indepen¬ 
dent  of  the  angle  $  and  hence 


<l/>  »  2itn0 


/(9)  [1  +  (K  +  A/2]e“ 


x  ( —  H  tan  0/cos  0)  d0. 


To  solve  equation  (18)  for  kH  »  1,  the  principle  of  stationary 
phase  (Lamb,  1932)  is  used.  The  solution  can  thus  "be  written 
in  terms  of  the  stationary  phase  angle  y  as 


<U)  -  (2itn0 i4'0/k)[I  +  (R  +  A/2]/(y)e“",c“ (19) 
The  stationary  phase  angle  y  is  obtained  by  solving 

(HikH/cos  0)/d0  -  0,  (20) 

and  found  to  be  y  -  nit  (n  -  0,  1,  2, . . .)  for  this  case. 
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From  equation  (18)  it  can  be  seen  that  <t/>  can  be  salved 
by  integrating  9  from  0  to  it/2.  The  only  appropriate  phase 
angle  in  this  region  is  zero.  Therefore,  for  i  >  0,  the  total 
scattered  field  <£/>*  is  found  to  be 

<U>'  -  (2itn0tvF0/<;)[(l  +  772)  7(0)  +  (JR/2) 

-  RV 0e“".  (21) 

In  equation  (21),  instead  of  /(0)  multiplied  by  the  reflection 
coefficient  R,  the  scattering  function  at  0  -  it  (which  is  a  com¬ 
pensation  angle  of  zero  degrees)  is  used.  The  reason  is  that  the 
transmitted  and  reflected  waves  are  different  in  propagation 
directions  by  an  angle  of  180  degrees.  This  is  also  clear  from 
Twersky  (1957).  Similarly, 

<U>~  -  (2jtn0 i'F0/k)C(l  +  T/2)7m  +  (H/2)7C0)>' ' “* 
-n'0e-“"  (22) 

The  reflection  and  transmission  coefficients,  the  two  un¬ 
knowns,  can  now  be  solved  simultaneously  from  equations 
(21)  and  (22)  using  Cramer’s  rule.  The  result  is 

*  -  Po/[l  -  P.  +  (P.2  +  Pj)/4],  (23) 

and 

T  -  [p.  -  (Pi  +  Po)/2]/[l  -  p,  +  (Pi  +  Pi)/4],  (24) 

where 

Po  -  2itnoi/(0)/k, 
and 

P.  -  2itn0i/(n)/k. 

Substituting  the  expressions  for  R  and  X  into  equations  (21) 
and  (22),  respectively,  we  obtain 

<I7>*  =*  [Po  +  P„P.  +  0(Po)]Vo e‘k’<  r  >  0  (25) 

and 


I  it.  2.  Geometry  of  scattering  from  nodules  on  a  plane. 


<U>-  -  CP.  +  (Pi  +  Po)/2  +  0(P.3)]Voe-“«,  z  <  0.  (26| 

The  first  terms  on  the  right-hand  sides  of  equations  (25)  and 
(26)  are  due  to  a  single  scattering  whose  excitation  is  the 
incident  plane  wave  v"1'  only.  This  can  be  obtained  by  substi¬ 
tuting  q/1"*  at  z  —  0  for  <y(r;)>  in  equation  (6).  The  second 
term  is  obtained  using  the  self-consistent  approach.  This  a 
essentially  Picard's  process  based  on  initially  approximating  y 
by  the  incident  field  y1*"  plus  the  single  scattered  wave,  which 
in  turn  gives  a  series  of  orders-of-scattering  for  y  in  terms  of 
single  scattering  functions.  Fotdy  (1945)  introduced  this 
method  to  explain  the  orders  of  scattering  because  the  higher- 
order  scattering  is  approximated  by  iteration  using  the  lower- 
order  scattering  terms.  The  idea  is  that  the  average  scattered 
field  <  vyr  (or  <U>~)  can  be  obtained  from  a  Neumann  series 

<l/(R)>  -  uf  +  £  u£  ,  (27) 

ai  ■  2 

where 

«£  -  "o  J  {[“I-  i(fj)  +  i(rj)]/2}[F(R  -  fj)]  dt,' 

«r  =  Po  V0c*“'.  z  >  0, 

and 

Kf  -  P.Vo  «'■**.  2  <  0. 

It  can  be  seen  from  equation  (27)  that  m  —  1,  2,  and  3  corre¬ 
spond  to  single,  double,  and  triple  scattering,  respectively. 

Generally  speaking.  Tor  a  sparse  distribution  of  nodules,  Le, 
n0u  «  I  (n„u  —  C  =  n0  ita1)  in  equations  (25)  and  (26)  the  suc¬ 
cessive  terms  are  smaller  compared  to  the  previous  terms. 
Therefore,  the  higher-order  scattering  containing  a  high-order 
value  of  n0u  can  be  neglected  in  the  approximation  of  the 
average  scattered  field  <t/>. 


CONFIGURATIONAL  AVERAGE  OF  THE  SQUARE 
OF  THE  TOTAL  FIELD  <t| ri> 

Because  nodules  are  randomly  distributed  on  the  sea  floor, 
their  positions  are  not  prepared  in  advance,  we  have  no  in¬ 
terest  in  studying  wave  scattering  by  one  particular  distn- 
bution.  Instead,  an  average  picture  better  describes  the  nodule 
field.  We  define  “coherent  scattering”  or  “coherent  propaga- 
tion"  only  as  an  average  over  the  ensemble  of  configurations 
which  are,  in  the  present  case,  different  top  views  from  areas 
covered  with  nodules.  When  an  experiment  has  been  per¬ 
formed  on  a  particular  configuration,  we  can  estimate  the 
properties  of  the  average  over  an  ensemble  with  a  high  prob¬ 
ability  of  accuracy.  In  experiments  several  samples  are  used  to 
guard  this  probability.  Interested  readers  can  refer  to  any  text 
on  statistical  mechanics  for  further  elucidation.  Because  the 
nodules  are  randomly  distributed,  the  scattered  field  U  is  not 
constant :  scalterers  make  an  otherwise  homogeneous  medium 
inhomogeneous.  The  magnitude  and  phase  of  V  will  fluctuate 
in  a  random  manner  Thus  the  total  field  at  R,  i.e.,  y(R),  is  also 
a  random  (unction  and  can  usually  be  divided  into  average 
field  <y>  and  the  fluctuating  field  y\ 

The  square  of  the  magnitude  of  the  coherent  field  Ky))1  it 
the  coherent  component.  The  average  of  the  square  of  the 
magnitude  of  the  incoherent  field  is  the  incoherent  component 
The  reason  for  introducing  the  incoherent  field  here  is  that  the 


V  '.-  '.-  V  v 
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"incoherent  intensity,"  which  is  quadratic  in  the  field  ampli¬ 
tude,  must  be  computed  separately.  This  is  because  the 
iveraging  process  will  not  commute  with  the  nonlinear  oper- 
itor  of  squaring  the  absolute-magnitude  of  a  field  quantity. 
These  values  correspond  to  those  which  would  be  obtained 
experimentally  'by  employing  amplitude-sensitive  and  energy- 
sensitive  measuring  devices.  Here  the  incoherent  field  is  simply 
the  difference  between  <|y|>2  and  |<y>|2.  Its  usefulness  is 
explained  in  obtaining  the  second  statistical  moment  of  a  fluc¬ 
tuating  field  in  statistical  mechanics.  This  extra  information 
also  enables  us  to  describe  the  amount  accurately,  as  well  as 
the  sue  distribution,  of  an  average  nodule  field  which  has  at 
least  two  unknown  physical  quantities.  This  is  impossible  to 
achieve  without  solving  higher-moment  equations.  The  sum  of 
the  coherent  and  incoherent  components  is  the  average  of  the 
square  of  the  magnitude  of  the  acoustic  field,  i.e.. 
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or  the  average  of  the  jth  scattered  field  multiplied  by  the 
gradient  of  the  Ath  scattered  field  can  be  estimated  as 


<|y|2>  -  l<y>l2  +  <lv'l2>. 


where  y'  is  related  to  V  as  y'  —  U  —  <t/>,  or 
<|y'|2>«<|U|>2-|<l/>|2. 


The  coherent  component  |<y>|  2  can  be  obtained  directly 
from  the  known  coherent  field  <y>  [equation  (4)].  It  is  of 
interest  here  to  find  the  incoherent  component  <|y'|2>  only. 
Substituting  the  expression  for  U 


K?/<) 


into  equation  (29)  yields 

<IVI2>  =  <Z  “*  Z  u»>  -  Z  <“/>*  Z  <u»>  Z.<u;> 

=  Z  Z  <u*u»>  +  Z  <l“ylJ>  Z  Z  <“/>*<“»>• 

^  i  i.  * 


The  above  equation  can  also  be  written  in  the  form 


ly'l2>  =■  nl  jj  l(N  -  u  <u;u4>/4/(V 


-  <U;>*<«»>J  A* 


"o  J  <l“jlJ>>  dr) 


by  using  the  definition  of  the  configurational  average.  To  cal- 
culaie  the  incoherent  component  <|y'|  2>  in  equation  (31),  two 
approximations  were  also  introduced.  First,  ( N  —  l)/S  is  re¬ 
placed  by  unity  This  is  valid  for  large  N.  Second,  we  use 


as  suggested  by  Twersky  (1957).  For  sparsely  distributed  scat¬ 
ters,  equation  (32)  may  be  interpreted  physically  as  neglect¬ 
ing  contributions  to  the  excitation  of  a  scatterer  that  arise 
from  fluctuations  of  the  average  radiation  that  has  been  scat¬ 
tered  by  the  other  scatterers. 

It  should  be  noted  from  equations  (30)  and  (31)  that 


Z  <«•“*> 

1+k 


can  be  approximated  using  J<  C/ >| 1 .  This  implies  that 


Z  Z  <«,(V/-ifcK>. 

/**  * 


ZZ  (“/*• 

J+k  k  \ 


where  e,  is  the  unit  vector  in  the  positive  z  direction.  Although 
the  gradient  of  Uj  gives  the  radial  direction,  the  average  direc¬ 
tion  should  be  in  the  z  direction.  This  is  to  be  expected  from 
the  symmetry  of  the  problem  (the  energy  flux  is  canceled  out 
along  the  x  and  y  directions).  Both  equations  (33)  and  (34)  are 
thus  important  approximations  in  considering  the  energy  con¬ 
servation. 


CONFIGURATIONAL  AVERAGE  OF  ENERGY  FLUX  <S> 


The  energy  flux  (intensity)  is  defined  as  (Morse  and  Ingard, 
1968), 

S  -  (p*v  +  py*)/2,  (35) 


an  important  quantity  in  wave  propagation  theory  for  con¬ 
sidering  energy  conservation.  Because  we  define 


from  potential  theory,  we  obtain 


•from  the  linearized  momentum  equation.  Therefore,  the 
energy  flux  can  be  expressed  in  terms  of  y  as 


i  iaxpfy'Vy  —  yVy*)/2. 


The  configurational  average  of  the  energy  flux  becomes 

<S>  -  kop[<y*Vy>  -  <yVy*>]/2,  (39) 


and  it  now  contains  both  the  coherent  and  the  incoherent 
components. 

Because  y  —  y'*c  +  U,  substituting  it  into  equation  (27) 
gives  (taking  the  real  part  for  magnitude) 


v  n/‘“c  w1"** 

-  _nr“" +~^V<U> 

<C/)»Vy‘»«  <U»VU>1 

+  —  ik  +  —ik  J’ 


Because  the  operations  of  taking  the  gradient  and  the  integra¬ 
tion  involved  performing  the  configurational  average  com¬ 
mute. 


<VU>  -  V<t/>, 


and  this  relationship  has  been  used  in  obtaining  equation  (40). 

For  scattered  waves  <S>  is  expected  to  be  going  outward 
away  from  the  plane  on  which  the  nodules  lie.  Because  the 
scattering  characteristics  are  different  in  the  positive  and  nega¬ 
tive  z  directions,  it  is  necessary  to  separate  <S>  into  two  parts. 
Let 


<S>  =  <S>*. 


I 


and 
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<S>  -  <S>',  z  <  0, 

where  the  expressions  for  <S)  *  and  <S)  ~  are 


<S>*  =  copk  Re 


[y‘*«*yl.«  yl»«» 

—  ik  +  —  ik 

-ik  J' 


+  <C/>*,y>|/‘,c  <1 /*Vl/> 


and 


<S>"  —  copk  Re 


yl«« 

-ik  +  ~^Jk 

-ik  J 


V<c ly 
<u*vuy 


(43) 


(44) 


(45) 


By  substituting  the  expressions  for  y1**,  and  <£/>"  into 

equations  (44)  and  (45),  we  obtain 


<s>--**[-,J4  +  iu(2!22>:)'. 


(46) 


and 


<S>-  —  cop* 


-Vo«.  “ 


(C~  +  C'*)Vo<«  +  Re 


(^)] 


(47) 


The  second  term  on  the  right-hand  side  of  equation  (46)  [or 
the  third  term  on  the  right-hand  side  of  equation  (47)]  can  be 
further  separated  into  two  parts.  Thus 


<t/*VC/>* 

-ik 


(48) 


Using  equations  (48),  (33),  and  (34),  the  average  energy  flux 
<S>*  becomes 

<S>*  -cop*[v?(-«,)  +  (l<t/>*l%  +  r],  (49) 

and 


<S>-  -  (op*[vJ(-«.)  +  vS  (T  +  T*X  — «.) 

+  (iwrt-ij  +  ri  (50) 

where 

”  Re  (zTk  <u* v  V).  '5l> 

and 

r-Re(?(“;^U>)  ) 

- Re  (rk  <urVu>>;  Jrj)  <52> 

The  energy  principle  simply  states  that  the  mean  energy 


INCOHUENT  ENEMY  ECUS 


Fig.  3.  Control  volume  for  energy  flux  consideration. 


outflow,  for  nondissipative  scatterers,  from  any  enclosed 
volume  vanishes  (Twersky,  1957),  i.e., 

f  <S>  •  dk  -  0.  (53) 


To  verify  this,  a  simple  control  volume  is  assumed  (Figure  3) 
For  the  upper  half-plane  (z  >  0),  we  have 

<ST  -dA-topkC^f— eI)  +  (|<l/>  +  |J)6J  i, 

+  top*:  J 1  *  •  dk.  (54) 

For  the  lower  half-plane  (z  <  0),  we  have 

|  <S>-  dk  -®p*{4'S  [(-«,)  +  (T  +  r*x-«.)] 

+  (I  <t/>-|J)4f}  •(*f)  +  o>pk  I"  I"  •  dk.  (55) 


Note  from  Figure  3  that  the  total  average  energy  flux  has  two 
separate  parts.  One  is  the  coherent  energy  flux  which  ha* 
components  either  in  the  positive  or  negative  z  direction,  but 
not  in  the  x  and  y  directions.  The  other  is  the  power  scattered 
into  all  directions  (specified  by  e,),  called  the  incoherent  energy 
flux,  P  and  I".  Aftfcr  adding  equation  (55)  to  equation  (54), 

<S>  •  dk  -  topkCMMT  +  T*)  -1-  l<C/>*|2  +  |<U>-|J] 

+  wpk 


( 


I  •  dk. 


(56) 


The  term  uf(V/  —  ik)uj  appearing  in  I*  and  I'  in  the  p  p*  tens 
is  related  to  the  scattering  cross-section  a  (Appendix  A),  and 
we  can  show  that 


and 


I*  •  dA  -  n0a*Vo, 
I'  •  dk  -  n0a“vJ, 


157) 


I  •  dk  -  n0(d*  +  d‘)vj  -  n0dvo. 


where 


a 


I 


o<j(a)  da. 
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After  dividing  equation  (56)  by  vj  topic  and  neglecting  the 
loins  Kt/)  *  | 1  and  |  <t/>  '  | 1  (of  order  |  R  | 1  and  |  T  \ 2,  which 
are  small  compared  with  |  R  |  and  |  T|,  respectively),  we  obtain 

<S>  •  d\  -  (T  +  T*)  +  n0d  (58) 

The  first  term  on  the  right-hand  side  of  equation  (58)  becomes 
[by  using  equation  (12)] 

(T  +  T*)  «  —  4nn0  Im  [/(it)]/fc.  (59) 

Substituting  equation  (59)  back  into  equation  (58),  it  can  be 
teen  [by  using  the  forward  scattering  theorem  (Morse  and 
Ingard,  1968)]  that 

<S>  •  dA  -  n0  [d  -  4it  Im  (/(tr))/k]  -  0.  (60) 

Equation  (60)  states  that  the  energy  flux  coherently  transmit¬ 
ted  is  canceled  by  the  energy  flux  incoherently  scattered.  This 
venfies  the  energy  principle  for  nonabsorbing  scatterers  as 
mentioned  in  Twersky  (1957).  The  proof  of  the  conservation  of 
tnergy,  in  other  words,  is  done  exactly  as  in  the  case  of  a 
angle  scatterer  by  computing  the  net  flux  due  to  the  exciting 
and  the  scattered  fields  through  a  close  surface  containing  one 
xatterer.  This  is  also  explained  in  Waterman  and  Truell's 
paper  (1960). 


'•  4  Nondimensional  coherent  acoustic  intensity  versus 
nondimensional  frequency 


RESULTS  AND  DISCUSSION 

Tolstoy  (1983)  modeled  nodule  deposits  as  hard  (rigid)  scat¬ 
terers  on  a  hard  ocean  floor  and  considered  only  low- 
frequency  cases.  Nevertheless,  the  results  are  heuristic  and  the 
modeling  is  not  realistic.  We  modeled  manganese  nodules  as 
elastic  spheres  whose  measured  properties  are  shown  in  Table 
1.  However,  calculations  using  rigid  spheres  as  nodules  are 
also  done  for  the  purpose  of  comparison. 

For  a  low  area  coverage  of  nodules,  e.g.,  0.2  percent,  the 
nodule  field  is  estimated  to  have  about  150  tons/km1  nodule 
deposit  on  the  sea  floor  if  a  3  cm  nodule  in  radius  is  assumed. 
Although  the  area  coverage  is  low,  the  rather  high  area  weight 
density  proves  to  be  interesting  enough  to  the  mining  indus¬ 
try.  Note  that  in  our  calculations  the  bottom  plane  reflectivity 
was  taken  as  zero  to  model  more  accurately  the  nearly  acous¬ 
tically  transparent  sedimentary  bottom  in  the  Central  Pacific 
Basin  (Mizuno  et  al,  1976).  In  Figures  4  and  5  we  present  the 
computed  values  of  the  acoustic  intensities  which  have  been 
divided  by  ptok'P|)  as  a  function  of  the  nondimensional  fre¬ 
quency  ka  for  sparse  distributions  of  nodules. 

We  see  from  Figures  4  and  5  that  the  contribution  of  the 
coherent  intensity  toward  the  total  backscattered  intensity  is 
quite  small;  therefore,  it  can  be  neglected  for  high  values  of  ka. 
As  expected,  the  coherent  intensity  is  a  hundred  times  larger 


Fig  5  Nondimensional  total  acoustic  intensity  versus  nondi 
mensiona)  frequency 
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Table  1.  Acoustical  properties  of  manganese  modules. 


Concretion 

type 


Wave  speeds 


CL  (m/s) 


CT  (m/s) 


Density 

(kg/m1) 


Pacific 

nodules 


1  950-2  500 
[2  350] 


1  615-2  450 

[2  000] 


0.83-0.98 


l  910-1  960 


Atlantic 

nodules 


2  125-3  215 
[2  605] 


1  625-2  580 
[1  980] 


0.69-0.80 


1  890-2  070 


[•]  —  average  value 


when  the  concentration  changes  from  0.002  to  0.02  while  the 
total  intensity  is  only  ten  times  larger.  The  size  distribution 
does  not  seem  to  affect  the  intensity  very  much.  This  may  be 
because  it  is  a  Rayleigh  distribution  and  the  cutoff  size  is 
limited  from  the  real  nodule  size  distributions.  However,  this 
should  be  investigated  further  for  an  even  denser  distribution. 

The  refinement  of  the  elastic  sphere  model  can  actually  pro¬ 
vide  a  more  accurate  intensity  calculation  because  nodules 
are,  in  general,  potato-shaped  scafterers.  Precisely  speaking, 
they  cannot  be  modeled  as  identically  shaped  scatterers.  How¬ 
ever,  the  randomness  in  shape  can  also  be  included  in  the 
configurational  average  consideration.  Varadan  and  Varadan 
(1980)  suggested  using  the  T  matrix  to  solve  for  different  shape 
scatterers.  Future  modification  of  the  present  model  is  feasible, 
depending  upon  the  required  numerical  accuracy. 

We  take  into  account  the  interactions  among  nodules,  but 
the  higher-order  scattering  terms  are  ignored  due  to  the  sparse 
distribution  and  low  concentration  of  nodules.  For  high  co’n: 
ccntrations  of  nodules,  the  complete  introduction  of  the 
higher-order  scattering  terms,  plus  the  appropriate  distri¬ 
bution  function,  are  required  to  analyze  the  problem  using 
multiple  scattering  theory.  This  is  currently  being  investigated. 
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APPENDIX  A 


For  an  elastic  sphere  in  a  fluid  medium 


Jo  -  4J[y,(kT  r)J/[J(kT  r)] J. 


y. iP  -  &X\lx\)y'.iE 


-J.  t0  +  SixJx^y^E 


y.  i  =  y.[* i) 

y.i  -  dly,(kr)]/d(kr). 


x2  -  kLa,  x3  -  kTa 


j.i  •jjx,),  J.2  -J„(Xj),  J.j  “J.U 3) 

h  —  kL  kT 


g  =  density  ratio  of  scatterer  to  fluid  medium, 

D  =  2n(n  +  1)[1  -  O.j/XjJo)]  -  (x^’>)  -  n1  -  n  +  l 


■  d[j.(kr)]/d[kr], 


J.2  “  r-a 

J.i  “  dljJkT)]/dlkT],  rma 
Jo  -  rf,tj.(ktr)]/[‘,<ktr>],>  r*a 

ill  -  d‘[jJkTr)HJ(kTr)y.  r  -  a 


E  -  4n(n  +  1X1  -Jo/XjJoXI  ~  *sj".s/j.s) 
-  2x2 [xJ;2s/7.j  +  n2  +  n  +  2] 
x  [(1/2 h2  -  1) i,2/j'm2  -jh/jhl 
For  a  rigid  sphere  in  a  fluid  medium 

c.  - 
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o- f  i,R2dn/it, 

(A-3) 

and 

Jo 

1,  »  Scattered  wave  intensity. 

a  -  o*  +  o’  -  (4it Ik2)  £  (In  +  1)/(1  +  C?).  (A -7) 

«-0 

/,  =  Incident  wave  intensity, 

Rayleigh  size  distribution  function 

o  -  2ir  J  |p,|J  R2  sin  8  d9/|p,|\ 

q(a)  -  (2a3/0-74d*)  exp  (-a‘/1.48d*).  (A-8) 

for  spherical  coordinates, 

(A -4) 

Uniform  size  distribution  function 

p,  =  scattered  wave  pressure, 

p,  —  incident  wave  pressure. 

fO.  a  #  q 

«*-{i  a-a-  •  (A:9) 

a~  m  2 n  j  |p, I1  R 2  sin  8  d8/|p, |2, 

J«/2 

(A-5) 

Asymptotic  expression  for  the  spherical  Hankel  function  of 
the  first  kind 

(*2/« 

a*  —  2it  I  |p,|J  R 1  sin  8  d6/|p,|J, 

(A-6) 

+  kr>  1.  (A-10) 

APPENDIX  B 
°  • 

CONFIGURATIONAL  AVERAGE 


Consider  N  scatterers  which  are  statistically  distributed  on 
a  plane.  An  ensemble  of  configurations  can  be  characterized 
by  a  probability  distribution  function  of  ry, 

P-P ('i.  Cj . rN).  (B-l ) 

Equation  (B-l)  specifies  the  probability  that  the  first  scatterer 
lies  in  the  element  of  area  dr,  about  the  position  r,  and  the 
second  scatterer  lies  in  the  element  of  area  dr2  about  the  posi¬ 
tion  r2,  etc.  The  probability  of  finding  such  a  configuration 
tan  thus  be  represented  as 

p  dtv  dr2,  ....  dtN.  (B-2) 

Now  we  introduce  a  random  scalar  function  F  which  is  a 
function  of  r Jt  F  ->  F(r,,  r2,  ....  rv).  The  configurational 
iverage  of  F  over  the  ensemble  of  configurations  can  be  given 
in  terms  of  p  as 

<f>"Iv  }Fpdtl  iTl . (B'3) 

The  conditional  probability  distribution  function 

P<ri.  fi . r./fj)  -  p(r„  r2 . ry_„  ry„, . r./ry), 

which  is  useful  in  the  averaging  process,  represents  the  prob- 
ibility  of  finding  the  N  —  1  scatterers  located  at  the  appropri¬ 
ate  intervals  of  r  +  dr  with  the  j th  scatterer  at  the  fixed  posi¬ 
tion  r;,  In  the  same  manner,  the  conditional  probability  distri¬ 
bution  function 

*r|.r2 - r.v/fy.  <■*) 

”  pfrl'  r2 . Tl-  |.  ry  *  I . rk-  1,  r»»  . . Tn/rJ  •  rt), 

represents  two  nodules  at  the  fixed  positions  ry  and  r, . 

According  to  the  law  for  the  conditional  probability,  it  can 
be  seen  that 


and 


(B-4) 


P(r,,  r2 . rN)  -  p(tj,  rjp(r„  r2 . r*/r,.  rj. 


where  pit/)  is  the  probability  of.  the  scatterer  occurring  be¬ 
tween  tj  and  dtj  and  pit/,  rj  is  the  probability  of  the  ;th  and 
the  Ath  scatterers  occurring  simultaneously  as  specified. 

The  conditional  configurational  average  of  a  random  func¬ 
tion  F  over  the  ensemble  of  configurations  of  N  —  1  nodules 
holding  the  jth  nodule  fixed  can  thus  be  defined  in  terms  of 
the  conditional  probability  distribution  function  p(r,,  r2,  .... 
ty/tj)  as 


<?>j 


where 


N 

Fpiri.rj . rs/tj) 

•  -  I 
■*> 


(B-5) 


N 

fl  dr.  -  dr„  dr2 . dr..„ 

•  •  t 


and  the  integration,  equation  (B-5),  is  not  performed  over  dry. 
Similarly, 

<f>A  “  f  •  f  fp<r,,  r, . ty/tj,  rj  FI 

JN  “2  J  aw; 

(B-6) 

Using  equations  (B-4),  (B-5),  and  (B-6),  <F>  and  <F>y  can  be 
expressed  in  terms  of  <F >y  and  in  the  following  manner: 

<F>  -  |<f>2P(ry)  dr„ 

and  (B-7) 


rir,.  r2 ,  ...  r,v)  -  pfr^pfr,.  r2 . rv/ry). 
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APPENDIX  C 

BACKGROUND  OF  THE  REMOTE-SENSING  TECHNIQUE 


Existing  prospecting  techniques  for  manganese  nodule  de¬ 
posits  require  lowering  instruments,  sensors,  etc.  by  cable  sev¬ 
eral  miles  to  the  ocean  floor.  For  example,  side-scan  sonar 
imaging  at  ultrasonic  frequencies  is  in  wide  use  and  provides  a 
detailed  picture  of  the  bottom,  including  profiles  of  individual 
nodules  (Spiess,  1980). 

However,  side-scan  sonar  imaging  must  be  done  relatively 
close  to  the  bottom  and  requires  a  long  tow  cable.  Survey 
speeds  are  consequently  slow  and  the  process  is,  therefore, 
expensive.  Moreover,  ultrasonic  frequencies  are  severely  at¬ 
tenuated  with  distance  so  that  remote  sensing  is  ruled  out 
when  sounding  in  a  typical  water  depth  of  5  000  m  with  high- 
frequency  transducers. 

To  increase  the  speed  of  surveillance  and  to  reduce  the 
prospecting  cost,  the  cable  from  which  the  instrumentation  is 
suspended  should  be  eliminated.  To  do  this,  mount  the  instru¬ 
ment  in  or  near  the  survey  ship  to  form  a  remote-sensing 
system.  After  sending  the  acoustic  pulses  remotely  from  the 
exploration  vessel,  the  reflected  return  sound  pulses  are  ana¬ 


lyzed  to  infer  the  presence  and  amount  of  nodules. 

The  remote-sensing  technique  is  based  on  the  expected 
acoustic  signature  of  the  bottom  in  the  presence  of  nodulet 
The  characteristic  acoustic  response  (as  a  function  of  fre¬ 
quency)  of  nodule  deposits  is  that  of  a  “high-pass  filter"  iMaj- 
nuson  et  al.,  1981).  The  break  frequency  increases  with  in¬ 
creasing  nodule  size.  If  the  mean  size  is  fixed,  the  strength  of 
the  return  signal  will  increase  with  increasing  nodule  con¬ 
centration.  The  expected  high-pass  filter  characteristic  of  the 
nodule  response  is  the  basis  of  the  research.  Ocean  bottom 
without  nodules  have  a  relatively  flat  spectrum  and  the  re¬ 
sponse  is  less  independent  of  frequency.  If  a  return  from  the 
bottom  exhibits  a  high-pass  filter  characteristic,  we  conclude 
that  nodules  (or  other  rounded  objects)  are  down  there.  It  a 
the  qualitative  difference  between  bottoms  with  and  without 
nodules  that  makes  it  possible  (in  principle)  to  sense  noduki 
remotely.  As  for  the  quantitative  results,  detailed  analysu  a 
required  and  we  present  one  here. 


APPENDIX  D 

BRIEF  REVIEW  OF  TWERKSVS  0957)  WORK* 


Twersky  (1957)  in  his  pioneering  paper  “On  scattering  and 
reflections  of  sound  by  rough  surfaces"  considered  rough  sur¬ 
faces  as  a  random  distribution  of  arbitrary  identical  scattercrs 
(e  g.,  circular  semicylinders  and  hemispheres)  on  free  or  rigid  . 
base  planes. 

Starting  with  the  boundary-value  problem  for  a  single  con¬ 
figuration  of  scattercrs  (it  was  considered  at  that  time  to  be 
difficult  to  calculate  the  far-field  scattering  amplitude  of  a 
single  scatterer  due  to  the  lack  of  good  computing  facilities) 
the  goal  was  to  find  the  analytical,  rather  than  numerical, 
results  of  the  corresponding  ensemble  average  energy  flux 
from  rough  surfaces  excited  by  a  plane  acoustic  wave. 

The  physical  restrictions  in  Twerksy’s  paper  were  primarily 
from  the  assumed  sparse  distribution  of  scattercrs,  i.e.,  the 


average  separation  of  scattercrs  is  large  compared  to  tho 
sizes.  However,  this  assumption  made  his  heuristic  approu- 
mation  (that  the  average  field  with  two  scattercrs  held  fixed 
could  be  replaced  by  the  average  with  one  fixed)  feasible  ud 
allowed  the  development  of  an  initial  practical  formalise 
without  loss  of  generality.  For  the  case  of  a  dense  distributee 
of  scattercrs,  multiple  scattering  involving  a  higher-order  sts- 
tistics  has  to  be  considered.  This  is  now  under  investigation  ht 
the  authors  for  the  scattering  problem  of  nodule  deposits. 

Finally,  the  reflection  coefficients,  as  well  as  differential  scat¬ 
tering  cross-sections  per  unit  area  of  rough  surfaces  (mutual!) 
consistent  in  fulfilling  the  principle  of  conservation  of  energy); 
were  obtained  by  Twersky  considering  multiple-scattering  d- 
fects. 
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A  multiple  scattering  formalism  using  a  T  matrix  to  characterize  the  response  of  a  single  fiber  to 
an  incident  wave  is  presented  to  describe  P-  and  SR- wave  propagation  in  a  fiber-reinforced 
composite.  A  convenient  numerical  procedure  is  then  developed  to  compute  the  effective  elastic 
moduli,  attenuation,  and  phase  velocity  as  a  function  of  frequency  and  fiber  concentration. 

PACS  numbers:  43.20.Fn 


INTRODUCTION 

In  the  design  of  fiber-reinforced  composite  materials  for 
structural  applications,  it  is  important  to  know  the  dynamic 
properties  of  the  composite  as  a  function  of  frequency,  fiber 
properties,  concentration,  and  distribution.  It  is  the  dynamic 
structural  properties  that  determine  the  response  of  a  struc¬ 
ture  to  transient  loads.  The  dynamic  properties  of  the  com¬ 
posite  can  be  predicted  by  studying  the  propagation  of  elastic 
(Fand  SV or  SH )  waves  in  such  materials  either  experimen¬ 
tally  or  theoretically.  Waves  propagating  in  such  a  medium 
will  undergo  multiple  scattering,  geometric  dispersion,  and 
attenuation.  The  resulting  effective  propagation  constant  is 
hence  complex  and  frequency  dependent,  the  real  part  being 
directly  related  tc  the  elastic  properties  of  the  composite. 
Previously,  we  have  given  a  multiple  scattering  formalism 
for  the  propagation  of  SH  waves  in  a  medium  containing  a 
random  distribution  of  correlated  fibers.'  The  formalism  is 
based  on  the  quasicrystalline  approximation  (QCA)  which 
requires  only  a  knowledge  of  two  body  correlations  and  the 
T  matrix  of  a  fiber  of  arbitrary  cross  section. 

In  this  paper,  we  consider  the  more  realistic  problem  of 
compressional-  (/*-)  and  shear-  (SK-)  wave  propagation 
perpendicular  to  circular  fibers.  The  only  relevant  theoreti¬ 
cal  studies  of  this  type  are  those  of  Bose  and  Mai5  and  Datta3 
in  the  low-frequency  limit  (Rayleigh  range).  The  appropri¬ 
ate  correlation  between  fibers  is  not  incorporated  in  their 
investigations.  Even  though  they  could  obtain  reliable  values 
for  phase  velocity  in  the  Rayleigh  limit,  the  relevant  coher¬ 
ent  attenuation  was  not  presented  in  Ref.  3,  while  some  ap¬ 
proximate  value  was  presented  in  Ref.  2.  However,  the  com¬ 
putations  of  frequency-dependent  elastic  properties  such  as 
dilatational  modulus,  shear  modulus,  Young’s  modulus, 
etc.,  require  both  phase  velocity  and  coherent  attenuation  as 
a  function  of  frequency  for  a  range  of  concentration.  This 
paper  provides  analytical  and  numerical  multiple  scattering 
approaches  for  such  a  study.  We  have  derived  analytical  ex¬ 
pressions  for  the  effective  propagation  constant  in  the  Ray¬ 
leigh  limit  from  our  multiple  scattering  formalism.  Our  re¬ 
sults  of  phase  velocity  agree  with  those  of  Ref.  2  and  the 
Haahin-Roscn*  bounds.  Further,  we  have  obtained  numeri¬ 
cal  results  for  higher  frequencies  and  higher  fiber  concentra¬ 
tions.  The  results  are  presented  in  the  form  of  plots  of  the 
attenuation  and  phase  velocity  of  P  and  SV  waves  and  the 


effective  elastic  moduli  as  a  function  of  frequency  and  con¬ 
centration. 

I.  SCATTERING  FIELD  FORMALISM 

Consider  a  random  distribution  of  N  number  of  long, 
parallel  elastic  cylinders  embedded  in  an  infinitely  extended 
elastic  solid  (matrix)  which  are  referred  to  as  a  coordinate 
system,  as  shown  in  Fig.  1.  Here,  O,  and  Oj  denote  the 
centers  of  the  /th  and y'th  cylinders  and  can  be  represented  by 
polar  coordinates  r,  and  9,  and  rt  and  9; ,  respectively.  The  z 
axis  is  taken  parallel  to  the  axis  of  the  cylinder,  and  P  is  any 
point  in  the  matrix  which  is  denoted  by  polar  coordinate 
system  centered  at  Ot. 

Let  A,  ft,  p  be  the  elastic  constants  and  density  of  the 
matrix  medium  and  A„p„p,  be  those  of  the  cylinders. 

Assume  that  either  a  time  harmonic  plane  compres¬ 
sional  (P)  or  shear  (SR)  wave  of  unit  amplitude  and  fre¬ 
quency  to  propagates  normal  to  the  cylinders.  Choose  a  Car¬ 
tesian  coordinate  system  (see  Fig.  1 )  such  that  the  direction 
of  propagation  of  the  incident  wave  is  along  the  x  axis  while 


FIG.  1  Random  distribution  of  circular  cylinders  and  the  geometry. 
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the  displacement  vector  of  the  incident  shear  wave  is  along 
the  y  axis.  Suppressing  the  time  dependence  e~  UH,  the  dis¬ 
placement  vector  corresponding  to  the  incident  wave  is  de¬ 
noted  by 

[A-x,  (/>)wave, 

UlM?t  (SV)  wave, 

where  kp  and  k,  are  the  wavenumbers  of  the  P  and  SV  waves 
in  the  matrix, 

kp  =  q)/cp;  k,  =  o)/c,\  cp  =  VU  +  2  p)/p\ 

c.=^TP.  (2) 

The  waves  undergo  multiple  scattering  when  they  im¬ 
pinge  on  the  cylinders,  giving  rise  to  a  displacement  field 
inside  the  cylinder  also.  The  displacement  vector  corre¬ 
sponding  to  the  scattered  field  is  denoted  by  tr*  while  that 
corresponding  to  the  refracted  field  is  denoted  by  u,.  The 
displacement  fields  u'  and  u,  satisfy  equations  of  motion  giv¬ 
en  by 

[(*  -l_*-l)W-  +  *rJV*]u,-t-u'  =  0,  (3) 

[(.kr'-kr'wv'  +  k  +  u,  =o.  (4> 

In  Eq.  (4), 

k,=co/c,\  k.=a)/c,\ 

_  (5) 

c,  =  VU,  +2 p,)/p,\  c,  = 

are  the  P  and  SV  wavenumbers  and  wave  velocities,  respec¬ 
tively,  inside  the  cylinder. 

The  displacement  vector  can  be  constructed  using  two 
scalar  potentials  4>  and  4>  which  are  solutions  of  the  scalar 
wave  equation  for  compressional  (<j>)  and  shear  (4>)  waves 
and  is  given  by 

u  =  V<*  +  *fVx(2tf)  .  (6) 

The  expansion  of  the  solution  of  the  scalar  wave  equation  in 
terms  of  cylindrical  functions,  namely,  products  of  Bessel  or 
Hankel  functions  and  trignometric  functions,  is  well  known. 
The  outgoing  scattered  waves  centered  at  the  origin  of  the 
cylinder  are  given  in  terms  of  Hankel  functions,  while  the 
exciting  field  must  be  regular  at  the  origin  and  hence  given 
by  Bessel  functions. 

The  total  displacement  field  at  any  point  (say  P)  in  the 
matrix  is  the  sum  of  the  incident  field  and  the  fields  scattered 
by  all  the  cylinders.  The  field  that  excites  the /th  cylinder  u* 
is,  however,  the  result  of  the  incident  field  u°  and  the  fields 
scattered  from  all  the  remaining  scatterers.  Thus,  at  any 
point  r  in  the  vicinity  of  the  /th  cylinder, 

u;(r)=u°(r)+£«;(r  — r,).  (7) 

i+i 

We  now  expand  the  scattered  and  exciting  fields  in 
terms  of  vector  cylindrical  basis  functions  and  \li„ : 

“Kr)  =  [a'.6.(r  —  r,)  +  0‘^m(t-T,)]  ,  (8) 


=(lAI)V[tf.(^!r-r,|)e,*tf']  .  (10) 

=k,VxW.)  =  <>l/k,)Vx[tBAk,\r-r,\)el''e') 

(ID 

The  Re  and  Re  \|)„  are  given  by  ( 10)  and  (11)  with  Han¬ 
kel  function  replaced  by  Bessel  function  J „ ,  and  aH,0,,Am, 
and  B .  are  undetermined  coefficients.  In  Eq.  ( 1 1 ),  6,  refers 
to  the  angle  that  r  —  r,  makes  with  the  x  axis  (see  Fig.  1 ) . 

Since  (uj  +  uj)  is  the  total  field  in  the  matrix  medium, 
the  expansion  coefficients  of  the  field  scattered  by  the  ith 
cylinder  may  be  formally  related  to  the  coefficients  of  the 
field  that  excites  the  /th  cylinder  through  the  T  matrix: 

OD-Jt.E  9©  » 

Substituting  (8)  and  (9)  in  (7),  we  obtain 
X  [A‘-  Re$(r-ry)  +BJm  Ro|i„(r-r;)] 

m 

=  u°(r)  +  XX  [oL4>m(r-r,)  +  01,i|>„,(r  -  r,)]  . 

*+J  m 

(13) 

It  should  be  noted  that  the  series  on  the  right-hand  side  of 
(13)  is  expressed  with  respect  to  the  center  of  the  /th  cylin¬ 
der.  In  order  to  express  these  quantities  with  respect  to  the 
center  of  the  /th  cylind.r,  the  following  addition  theorem  for 
cylindrical  vector  wave  functions  is  invoked: 

(r  -  r J  =  £  (  ^  1 )'+ ”  Re  <Mr  -  r,  (r, ) , 

m 

(14) 

t|>((r-r()  =  X(-l)'  +  ”Re^(r-r;)^.m(ra), 


where  r„  =  r,  —  r;. 

Substituting  (14)  in  (13)  and  simultaneously  expand 
ing  the  incident  wave  in  a  Fourier-Bessel  series  expansion 
and  then  employing  the  orthogonality  relations  for  the  vec¬ 
tor  basis  functions,  we  obtain 


“* ( r )  =  X  Re<Mr-r,) 
+  B{  Ret|»„(r  — r,)]  . 


In  Eq.  (15), 

l+J  m 


M>.  +  XX  <  -  >)"*"/?U-._.(r</)  , 


where  <5tf  is  the  Kronecker  delta.  For  /’-wave  incidence, 
P=  1,  and  forS-wave  incidence,  P  —  2.  In  Eq.  ( 15),  L  and 
M  contain  unknown  coefficients  a  and  0  of  the  scattered 
field.  The  coefficients  a  and  0  are,  however,  related  to  A  and 
B  of  the  exciting  field  through  the  T  matrix  as  defined  in  Eq. 
( 12).  Substituting  Eq.  ( 15)  in  Eq.  ( 12),  we  obtain  a  system 
of  linear  equations  for  the  scattered  field  coefficients: 


\0JJ  r  Vr” 


334 


J  Acoust  Soc.  Am..  Vol  80,  No.  1 ,  July  1988 


Varadan  at  al. :  Scattering  by  composite  materials 


334 


In  the  sequel,  we  continue  the  analysis  for  P- wave  inci¬ 
dence  and  study  the  phase  velocity,  coherent  attenuation, 
dynamic  moduli,  etc.,  both  for  low  and  higher  frequencies. 
Without  much  detailed  presentation,  we  also  present  similar 
results  for  5-wave  incidence. 

For  only  P- wave  incidence,  Eq.  (17)  can  be  rewritten 
for  identical  cylinders  as 

a-=X  Kl  (<■  +  2 2  <  - 1  )*■  ■ + 

•  '  \  i+J  / 

«'  \l+J  m •  / 


tered  field  coefficients  a„  and  P,  are  coupled.  To  uncouple 
these  equations,  we  multiply  Eq.  (18)  by  ( T 12 )  “ 1  and  Eq. 
( 19)  by  ( T a)_l  and  subtract  to  obtain 

0'  =  (T21)(T'2)~'aJ  -  l(Tu)(T'2)-'T"  -  T21] 


X  (a0  +  £  o'tr^aA  , 

V  i+J  / 


where  stands  for  the  propagator  term  given  by 

(  —  l)"’  +  *V,-_«-  for  P  waves.  In  writing  (20),  we  have 
dropped  all  the  summation  and  subscripts  to  avoid  cumber¬ 
some  looking  expressions.  WithEq.  (20),  Eq.  (18)  now  ex¬ 
plicitly  gives  the  scattered  field  formalism  for  elastic  wave 
propagation  through  the  composite  medium. 

In  Eqs.  (18)  and  (19),  the  scattered  field  coefficients 


0)  =  y  7"ii  /  o  +  y  y  j  _  l <b  (r  )^  explicitly  depend  on  the  positions  of  the  cylinders.  For  a 
y  «'  -L  2*  J  system  with  a  large  number  of  cylinders,  it  is  more  meaning- 


+  Xr~-fXX(  + 


O  -T, 

<j  .  =  i  e  ’  ‘ 


It  can  be  seen  from  Eqs.  ( 18)  and  ( 19)  that  the  scat¬ 


ful  to  study  the  effective  propagation  characteristics  in  the 
medium  rather  than  the  details  of  the  multiple  scattering 
processes  that  take  place.  Thus  a  configurational  average  is 
performed  in  Eqs.  (18)  and  (19)  over  the  positions  of  all 
cylinders  except  the  jth,  which  is  assumed  to  be  held  fixed. 
The  details  can  be  found  in  Ref.  1.  We  thus  have,  for  identi¬ 
cal  scatterers,  the  average  scattered  field  coefficients  of  the 
scattered  P  wave  given  by 


(a1),  =  ru^a°+  (N-  1)  J  (ai>tf<71(r(/)p(r/|r,)dr(j  +  ru7’i,(r,s)-1  J  {a^^ix^p^x^dt, 

_  7’>*[7'»(7"*)-i7'"  _  r2,]( ^  aPptTjlX'WiT^dt,  +  J  J  (o* )„fcp(ry |r„r» )<73(r(l)<7,(rJk )dr,  , 


where  (  ),  and  (  )(l  denote  the  configurational  averages  with 
the  ith  scatterer  and  both  the  ith  and /th  scatterers  held  fixed, 
respectively,  and^(ry|r()  andp(rkP  ry[r()  are  the  joint  prob¬ 
ability  distribution  functions.  The  notation  a3(r(/ )  stands  for 
(  —  l)"+*Vi>.._i<,(r(/),  the  propagator  for  5  waves.  In  Eq. 
( 2 1 ) ,  5  ’  denotes  the  cross-sectional  area  of  the  medium  ex¬ 
cluding  the  circular  area  of  radius  "2 a"  which  is  the  hard 
core  radius  or  the  minimum  distance  between  two  scatterers, 
each  of  radius  "a." 

The  above  equation  is  a  hierarchy  which,  when  iterated, 
will  involve  higher-order  conditional  probability  distribu¬ 
tion  functions.  However,  the  hierarchy  can  be  truncated  by 
invoking  the  quasicrystalline  approximation  (QCA)  sug¬ 
gested  by  Lax.3  According  to  the  QCA, 

(aJ)v~(aJ)j  ,  j^i, 

(22) 

{ak)uk~(ak)k  , 

The  probability  distribution  function  in  Eq.  (21)  cun  be 
conveniently  written  asp (rt,  ry/r, )  =  p(rk/r,  )p(r;/r, )  and 

'fcHr*-  Z\: 

where  we  have  assumed  that  the  scatterers  are  impenetrable 
and  that  for  a  translationally  invariant  system,  p(r;/r, )  de¬ 
pends  only  on  |ry  |  =  lax.  In  the  statistical  mechanics  litera¬ 
ture,  g(x)  is  known  as  the  radial  distribution  function. 


For  un correlated,  impenetrable  cylinders  g(x)  =  1  or 
1/(1  — c)  for  x>l,  where  c  is  the  concentration  of  cylinders 
andg(x)  =  0  for  x  <  1.  This  approximation  is  valid  only  for 
very  low  values  of  c  (very  sparse  distribution  of  cylinders). 
Several  models  of  the  radial  distribution  function  such  as  the 
Percus-Yevick  approximation,  the  convolution-hypernet- 
ted  chain  approximation,  the  Born-Green- Y von  approxi¬ 
mation,  and  the  self-consistent  approximation  are  widely 
adopted  in  numerical  computations. 

In  our  calculations,  the  Monte  Cailo  calculations  of 
g(x),s  which  give  a  virtually  exact  solution  to  the  equations 
of  state,  are  used  for  c  up  to  0.55. 

To  study  the  coherent  or  average  P- wave  field  in  the 
effective  medium,  we  assume  that  the  average  field  is  a  plane 
P  wave  propagating  in  the  x  direction  just  as  the  original 
plane  wave  incident  in  the  matrix  but  with  a  complex  propa¬ 
gation  constant  Kr  =*  K  {  +  iK\ ,  which  is  frequency  depen¬ 
dent.  The  real  part  K\  is  related  to  the  phase  velocity  and  the 
imaginary  part  K\  Is  proportional  to  the  coherent  attenu¬ 
ation  of  the  P  wave.  Thus 

<o«  >/  =»  *„*"'**.  (24) 

Equations  (22)— (24)  are  substituted  in  Eq.  (21)  and 
the  extinction  theorem  can  be  invoked  to  cancel  the  incident 
wave  term  on  the  right-hand  side  of  Eq.  (21 ).  The  resulting 
equation  is 
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where 


^  p 

+  4cJ |"//it_..(2A:,«)7„_ii.(2^,ajc)(g(Jc)  -  l]x<fc). 


and/*.,  is  obtained  by  replacing  kf  in  Eq.  (26)  by  k,.  In  Eq. 


(26),  n0  (  =  AC/S)  is  the  number  density  of  the  cylinders  in 
the  matrix. 

To  obtain  a  similar  expression  for  the  average  5  wave  in 
the  effective  medium,  we  assume  that  the  average  field  is  a 
plane  5  wave  propagating  along  the  x  direction  just  as  the 
original  plane  S  wave  incident  in  the  matrix  but  with  a  com 
plex  propagation  constant  K,  =  K '  +  iK  j  which  is  fre¬ 
quency  dependent.  By  assuming  (5 7  )y  =  Y.  eK*x  ,  we  can 
obtain  a  dispersion  equation  for  Y. . 

Equation  (25)  is  a  system  of  homogeneous  linear  simul¬ 
taneous  equations  for  the  coefficients  X„  for  P  waves.  For  a 
nontrivial  solution,  the  determinant  of  the  coefficient  matrix 
can  be  set  equal  to  zero  which  yields  the  desired  dispersion 
equation. 

The  dispersion  equation  obtained  for  P-  or  5  F- wave  in¬ 
cidence  can  be  solved  for  the  effective  propagation  constant 
Kf  or  Ks,  respectively,  as  a  function  of kf,k,,  and  number 
density  of  the  cylinders  The  determination  of  Kf  or  K,  is 
necessarly  numerical  except  in  the  long  wavelength  or  Ray¬ 
leigh  limit.  This  will  be  discussed  in  Sec.  11. 


II.  RAYLEIGH  LIMIT  SOLUTION 


In  the  Rayleigh  or  low-frequency  limit,  the  size  of  the 
scatterer  is  considered  to  be  very  small  compared  to  the  inci¬ 
dent  wavelength.  It  is  then  sufficient  to  take  only  the  lowest 
order  coefficients  in  the  expansion  of  the  fields  and  the  T- 
matrix  elements7  and  the  set  of  simultaneous  equations  for 
the  unknown  Xq,  X„  X_lt  X2,  and  X_2  for  effective  P- wave 
properties  and  K*  Yt,  Y_ ,,  Y2,  and  Y_ .  for  effective  shear- 
wave  properties.  The  dispersion  equations  in  terms  of  effec¬ 
tive  P  and  5  wavenumbers  Kr  and  Ks  are  obtained  as  fol¬ 
lows: 


for  P- wave  incidence. 


\k,  J  F,  1  +  c  4  '  F\ 


TABLE  I  Material  propenwa  used  in  calculations 


La/tk  coniunis 

Denaicy  p  (  k|/m’ ) 

2 1  Ni/m’i 

Nt.  m;  ■ 

Boron 

2530 

16  61  ■  10'° 

2?  -  10'° 

AJuminum 

6  «6  ■  lO"1 

1  «'  .  10‘° 
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Zf  —  ( 1  +  Cf0)(  1  +  2cf,)  [  1  +  c/j(  1  +  e)  ]  , 

F,  =  1  —  cr2(  1  -  e)  -  2c2t0t1 , 

Hr  =  [  1  +  c/2( 1  +  e)  ]  (f0  +  1 1  +  3CV, ) 

+  f2(l  +  cr0)(l  +  2cr,)(  1  +  e*n) 

+  +  cr2(l  +f)](l  +ct0) , 

Q ,  =  [1  +cr2(l  +  f)](r0-M,) 

—  2cfj[r0  +  r,(l  +  cr0)  ]  +f2(l  +  e312) 

+  f,/Jr,[l  +c/2(l  +f)  —  2c/2(  1  +  ct0)  ]  , 
f  =  (c,/c,)J , 

‘o=*  —  ( A,  +/r, -A -n)/(  A,  +nx  +ji) , 

'i  =  (p i  -p)/2p, 

h  =  -p(p,  -p)/[p,(  A  +  3/r)  +n(  A  +  fi)]  ; 
for  5-wave  incidence. 


\k,J  F.  l+c  4  F ] 


Z,  =  (1  +2cr,)[l  +cr2(l  +e)J  ,  F,  =  1  +  cr2(l  -t) 
H,  =  r,(  I  +e-,/J)[l  +«2(1  +e)] 

+  r3e(l  +  e~5/2)(l  +  2cr,) , 

Q,  =*  r, ( 1  +  e~,/J)[l  -fc/2(l  -e))  +t7e{  1  +  e~3'2)  . 


FIG  I  Phut  veioaft  v*r»u*  cooccntrmUon  fot  S>ron  in  ilhminum  in  'hr 
R»%  Ingh  refion 


v  #f  s  Scaft#nn$  t>y  co^poiitt  * 


m**  •%  a'  a'*  a' J  V  'V  /  /  */  /  J"  /.  ■"  /  «*  «•  a*.  m*_  «* 


@5 


■»  v 


FIG.  3.  Attenuation  vers m  concentration  in  the  Rayleigh  region. 


FIG.  3.  Comparison  of  phase  velocity  versus  noaduncnsional  frequency 
between  P  and  5  waves. 


/s  l\/ii  —  fx)  (2 b  +  8^/3) 

where  b  =  A.  +  2  p/3  is  the  bulk  modulus.  The  equation  is  in 
exact  agreement  with  Eq.  (4.26)  of  Ref.  9. 


Following  the  work  of  Christensen,*-’  one  could  define  a 
two-dimensional  bulk  modulus  as  {E-^ )  =  (A.  +  fi),  an 
expression  which  can  be  derived  from  Eq.  (27),  as  given  by 

(Eid)  ‘“('t+A 0  +  (  'l  +  2a*) 

x  c(>t,-/i, 

(1  -c)(  A,  +ft\)  +ol  +  (1  +c)/s  ’ 

which  agrees  exactly  with  Eq.  (28)  of  Ref.  9. 

From  Eq.  (28),  one  could  obtain  an  expression  for  the 
effective  shear  modulus  ( also  as  given  by 


•  7 

3 


-"'•wttfitmwnnAl  frequency  for  f  wave* 


III.  NUMERICAL  RESULTS  AND  CONCLUSIONS 

Computations  of  specific  damping  or  coherent  P-  (SV- ) 
wave  attenuation  JCJ/fc,  (or  K\/k,)  and  phase  velocity 


'9M 
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i  t* 


•  a»«  'yp«.  c  t 


'0  E  7 1 


FIG  '  Caapinioa  >(  inauMioa  *cnua  wMdjiaauiofuJ  frequ 

between  A  ant  5  viva 


*,/*,  (or  k,/K, )  u  a  function  of  nondimensiofiaiLUd  fre¬ 
quency  kpa  (or  *,al  •"  concentration  Cl  *■  n,r o' i  art 
performed  by  determining  the  lingular  values  of  the  coeffi¬ 
cient  mains  of  X.  (or  Y,  )  obtained  from  Eq  (  25  )  The 
computation  involves  an  iterative  procedure  for  determining 
the  dominant  root  in  the  complex  plane  in  terms  of  kf  a  (or 
k'd)  using  Muller's  method  Good  initial  guesses  sre  pro¬ 
vided  by  Eq*.  (  27  j  and  (281  at  low  values  of  kta  i  *,  j  i  and 
these  could  be  used  systematically  to  obtain  quick  conver 
gence  of  roots  tt  high  values  of  kpa  <  or  4,  a  i 


PTO.  I.  Real  pan  of  clastic  mduJua  vtrsuc  i 
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-  (■ 

1  h 


FIG  1  laueuiary  part  of  daauc  auduiaa  venue  aandummoaaj  ■ 


Numerical  results  for  phase  velocity,  sltenustion.  and 
frequency -dependent  elastic  properties  such  as  effective  Ida 
tation  modulus,  shear  modulus,  etc  ,  are  presented  in  I  p 
2- 1 2  for  boroo-aluminum  composite  The  material  proper 
ties  of  the  scanner  ( boron  i  and  those  of  aluminum  mi 
tru  )  are  given  in  Tabic  I 

In  Fig  2.  the  phase  velocity  for  both  P  and  5  waves  is 
p kitted  as  §  function  of  cjnotntrauoo  for  *,a  -  0  01.  while 
Fig  }  depicts  the  um responding  epeciic  damping  V ; 
-  Ar(  AT  J /AT  f  )  for  the  oomprrssional  wsve  and  V  't 
”  K\/K\  )  for  the  shear  wave  As  can  be  seen  from  t  he 

plots,  the  shear  wave  dominates  the  scattering  response  in 
the  long  wavelength  region. 


I  frequency  RO  ia  Real  part  rfikaar  l 


I  frequency 


Varsdan  mm  Scanamq  try  oomooana  material*  338 


I,  . 


C*04O  -| 

f  ~  1 

i 

;*024  i 


:  p*r*  4  i 


•  -Tv- wl u i u.1  -mm  nondtmcntiofuJ  ^mjucri 


f  (urea  t  and  '  prrsent  the  frequency  spectrum  of  the 
r'lase  velocity  (or  f’lnd  V  waves.  respectively,  for  four  differ 
*ni  intent  ralions  For  the  ut  of  5  wave  incidence,  the 
phase  velocity  n  always  hi  (her  at  lower  frequencies  for  ail  c 
However,  for  P  wave  incidence,  there  is  transition  region 
where  the  phase  velocity  increases  at  higher  frequencies  st 
higher  -oncentrationa  Hut  behavior  may  he  due  to  an  emin¬ 
ent  resonance  for  s  high-concentration  composite  A  similar 
behavior  has  also  been  observed  by  Kinra’0  and  Varadan  er 
•>'  earlier  in  the  study  of  l-D  particulate  composites 

The  orresponding  results  for  specific  damping  are 


FHi  .  Raai  .van  y  1  [}  •mil  mndulua  vyryua  nondwneniirma)  frequency 


Ccousl  Soc  Am  /oi  SO  So  '  July  '  9M 


Imaginary  parr  of  l-D  bulk  modulus  una  i 


shown  in  Ftp.  6  and  7  The  anomaly  of  the  attenuation  for 
r  *  0  55  ii  sunplv  the  reault  of  strong  multiple  scattering 
effects  for  such  •  highly  packed  system.  This  seems  possible 
only  for  F-wave  incidence  aa  teen  in  Fig.  6. 

From  the  effective  wavenumbers  Kfa  or  K,a,  one  could 
easily  compute  frequency-dependent  elastic  properties  as 
shown  in  Ftp  8-13  These  properties  are  very  useful  in  the 
design  of  flber-reinforced  composites. 
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ABSTRACT 

Earlier  results  for  electromagnetic  wave  propagation  in  discrete  random  media  assumed  spherical  statistics  in 
discribing  the  spatial  distribution  even  for  nonspherical  scatterers.  The  appropriate  pair  correlation  function  for 
nonspherical  scatterers  can  be.  in  general,  obtained  by  the  Monte  Carlo  method  which  is  essential  in  analyzing  the 
nonspherical  statistics.  This  paper  presents  new  results  using  the  nonspherical  statistics  in  the  investigation  of 
multiple  EM  wave  scattering  by  aligned  dielectric  prolate  as  well  as  oblate  spheroids  randomly  distributed  in  space. 
The  comparison  between  the  previous  results  and  those  using  spherical  statistics  show  that  approximating  the  spatial 
distribution  of  nonspherical  scatterers  using  the  spherical  statistics  will  yield  either  high  or  low  effective  properties 
of  the  random  media. 

i.  INTRODUCTION 

In  the  extant  wave  scattering  literature,  scatierers  are  generally  being  modeled  as  spherical  ones  and  the 
complexity  of  the  analytical  problem  can  therefore  be  reduced.  However,  in  nature,  most  scatterers  are  not  spherical 
in  shape.  Thus,  the  sphere  model  will  not  be  appropriate  in  some  real  applications.  Even  worse,  when  consider  wave 
propagation  and  scattering  in  a  collection  of  nonspherical  scatterers  with  a  considerable  concentration,  in  addition  to 
the  shape  of  scatterers,  the  spatial  distribution  of  scatterers  cannot  simply  be  described  using  spherical  statistics. 
The  fact  is  that  the  possibtiiy  in  finding  another  scatterer  in  the  neighborhood  of  a  given  scatterer  becomes  uneven 
in  the  radial  direction  which  is  not  the  cue  for  a  randomly  distributed  spherical  scatterers  due  to  the  unsymmetry  of 
the  problem 

To  make  the  problem  tractable,  nonspherical  scatterers  with  rotational  symmetry  properties  randomly  distributed 
in  free  space  are  first  considered.  Fortunately,  scattering  responses  from  most  nonspherical  scatterers  of  this  kind 
are  able  to  be  respresented  by  the  T-matrix  (Varadan  and  Varadan  ,  1980].  But  unless  the  concentration  of  those 
nonspherical  scatterersfin  this  cu«,  lossless  dielectric  prolate(oblate)  spheroids  for  EM  wave  study)  remains  at  a 
lower  level,  the  spatial  distribution  of  those  nonspherical  scatterers  cannot  be,  even  known  from  our  intuition, 
correctly  described  by  the  spherical  statistics.  To  just  see  the  shape  effect  and  distriguish  this  from  those  previous 
approximations  made  using  the  spherical  statistics  even  for  nonspherical  scatterers,  we  consider  only  the  aligned 
case  which  means  the  symmetry  axes  of  the  spheroids  are  all  parallel  to  the  direcuoo  of  the  incident  wave. 

The  nonspherical  statistics  involved  in  the  analysis  is  to  introduce  the  pair  correlation  function  for  aligned 


spheroids.  With  the  help  of  high  speed  digital  computers,  the  Monte  Carlo  method  can  be  employed  to  obtain  the 
pair  correlation  function  for  aligned  spheroids  and  some  numerical  values  of  the  function  are  presented  in  this  paper. 
Finally,  computations  of  the  effective  attenuation  rate  as  well  as  the  phase  velocity  using  the  nonspherical  statistics 
in  studying  the  electromagnetic  wave  propagation  through  randomly  distributed  aligned  spheroids  are  performed. 
When  compared  with  numerical  results  for  nonspherical  scatterers  using  the  spherical  statistics  approximations,  the 
attenuation  is  found  to  be  either  over  or  under-estimated. 

Multiple  Scattering  Formulation 

We  consider  N(N  — >  «•)  rotationally  symmetric  oriented  scatterers  randomly  distributed  in  a  volume  V(V  — >  ~) 
so  that  the  number  of  particles  per  unit  volume  Hq  -  N/V  is  Finite,  see  Figure  1.  Only  the  most  important  details 
that  lead  to  the  dispersion  equation  involving  the  pair  correlation  are  presented  and  for  all  intermediate  steps,  we 
refer  the  reader  to  [V.K.  Varadan  et  al.,  1979], 

Monochromatic  plane  electromagnetic  wave  giving  rise  to  an  electric  Field  are  assumed  to  propagate  parallel 
to  the  rotational  axis  of  symmetry  of  the  scatterers  (the  z-axis),  see  Figure  1.  The  Field  scattered  by  the  ith  scattercr 
is  denoted  by  E-s  so  that  the  total  Field  E  at  a  point  r  outside  the  scatterers  is  given  by 

E(r)  -  E°(r)  ♦  I  Ej*(r)  •  0) 

The  Field  exciting  the  ith  scatterer  E-e  is  given  by 

EjV)  -  E°(r)  +  I  EjS(r).  (2) 

From  (1)  and  (2),  we  note  that 

E(r)  -  E^fr)  +  EjV)  (3) 

so  that  the  exciting  and  scattered  Fields  must  be  deFined  in  a  self-consistent  manner.  These  Fields  are  expanded  in  a 
set  of  vector  spherical  functions  as  follows: 

E'(r)  -  Ill  [bom/  ReMom/(r  -  rj)  ^/ReN^/r  -  r,)];  a<  I  r  -  r,  I  <  2a  (4) 

and 

E,V)  -  HI  -  r,)  *  C^/N^/r  -  r,)];  I  r  -  r, !  >  2a  (5) 

where  [b,c(  and  {B,C}  are  expansion  coefficients  of  the  exciting  and  scattered  fields,  respectively.  The  vector 
spherical  functions  {M.N }  are  defined  by  [Stratton  ,  1941), 

These  expansions  are  substituted  into  (2)  with  the  following  definition  of  the  T- matrix  of  a  single  scatterer 
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(where  the  T-mauix  is  independent  of  the  position  of  the  scauerer)  which  results  in  an  equation  for  the  exciting  field 
coefficients  {b,c}  alone.  This  equation  averaged  over  the  position  of  all  scatterers  where  the  QCA  (Lax,  1952]  is 
involved,  and  we  arrive  at  an  equation  for  the  configurational  average  <b>  and  <c>  of  the  exciting  field  coefficients 
with  one  scatterer  held  fixed. 

We  assume  that  this  average  field  (the  coherent  field)  propagates  in  a  medium  with  an  effective  complex 
wavenumber  K  -  (Kj*  iK^lk  in  the  direction  of  the  original  incident  field  m  the  discrete  medium.  Thus,  we  obtain 

,h  ■  Jv  .iK  r  , , 
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where  {Y.Z}  are  expansion  coefficients  of  the  average  exciting  field  The  dispersion  equations  then  take  the 
following  form: 

in  Y0In.  -  III  ip(-.)X(JH)x{Y01p((T01p01o)U  Yooln.n.X)  *  <T0, p<ln)21Xt0(n.n  ,X)| 

*  Zelpl<Telp0lO>l2^00<a-n  -X>  *  (TelpelD>22WD-D  'X)l>  |Q) 
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where  the  functions  (v.*)  are  defined  in  (Bnngi  et  at.,  1981]  and  tJH)  is  an  integral  given  by 

(1H)X{  K.k.n^)  -  2ttvq(2X*  1  )J0*  stnBdS  JQ  G(r,8)jx(  Knh^fkr  )Px(cos8)Pq(cosO)r“'dr  ill) 

In  the  above  equation,  G(r,8)  is  the  pair  correlation  function  for  aligned  spheroidal  scatter,  P(cos9)  is  the  Legendre 
polynomials  and  j  and  h  are  the  spherical  Bessel  and  Hankel  functions,  respectively  For  spherical  scatterers, 
F.q  ( 1 1 )  can  be  reduced  to  the  following  form 

(JH)X  .  6c|2ka)x(2Ka)hx(2ka)  -  2Kahx(2ka)jx(2Ka)|/{(ka)2  (Ka)2] 

♦  24cf(  lg(x).  1  |hx(2kax)jX(2Kax)x2dx  (12) 

Eq(12)  is  actually  a  special  case  of  (11)  by  neglecting  the  azimuthal  angle  dependence  for  the  pair  correlation 
function  Therefore,  g(x)  in  Eq  (12)  is  simply  the  pair  correlation  function  for  spherical  scatterers  c  is  the 
concentration  (c— Ina^nw 3)  and  a  is  the  radius  of  the  scatterer  The  prime  denotes  the  derivative 


THE  PAIR  CORRELATION  FOR  ALIGNED  SPHEROIDS 

The  pair  correlation  function  for  aligned  spheroidal  particles  can  be  expanded  in  the  1  egendre  polxnomials  as 


G(r)  -  XQ  gn(r)Pn(cos0) 


(13) 
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where  the  coefficients  depend  only  on  the  distance  between  particles  and  azimuthal  angle  (see  Figure  1)  The 
coefficients  gn(r)  can  be  evaluated  during  the  Monte  Carlo  simulation  [Metropolis,  et  at,  1953]  by  using  the 
orthoganality  of  Legendre  polynomials.  For  a  system  of  hard  particles,  the  required  probability  in  Monte  Carlo 
simulation  is  simply  checking  the  overlap  criterion.  Overlap  is  decided  whether  the  center  to  center  distance  for  a 
pair  of  spheroids  is  less  than  d  which  is  defined  by 

d  -  (2b/ri)(l-cos20»cos28/Ti2)'1/2  (14) 

where  q  is  the  aspect  ratio  of  the  spheroid  such  that  rf  >1  for  prolate  and  «  1  for  oblate  spheroids  and  b  is  half  the 
length  of  the  ami  of  symmetry  for  the  sphenod  (see  Figure  I)  The  plot  of  g  tr)/(2n»li  vs  normalized  radiai 
J, stance,  le  r  b.  for  aspect  ratio  2  0  and  15  7%  concentration  is  shown  in  Figure  2  For  comparison,  the 
.enter  center  correlation  function  g))(r)  calculated  using  Percus  Yevick  apprommation  is  also  presented 

RESULTS  AND  DISCUSSION 

The  real  and  imaginary  part,  i  e  K]  and  Kj  respectively,  of  the  effective  wavenumber  K.  are  related  to  the  phase 
velocity  and  attenuation  of  the  effective  medium  They  can  be  obtained  by  solving  the  dispersion  equations  i9i  and 
:i|i  simultaneously 

In  order  to  show  the  difference  in  electromagnetic  wave  propagation  characteristics,  eg  Kj  and  K-,.  results 
■used  on  the  apprommation  for  randomly  distributed  spheroids  using  the  spherical  statistics  (Circumscribing  Sphere 
•V ppm s , miiion  and  F.quivaient  Volume  Apprommation  |Varadan  el  al  ,  1986])  are  compared  with  those  using 
■innspheric al  statistics  Moreover,  without  considering  interaction  among  scatterers,  results  based  on  single 
scattering  theorv  are  also  included  to  justify  multiple  scattering  effects  for  scatterers  with  considerable 
.  oncentralions 

In  Table  I.  numerical  results  for  phase  velocity  as  well  as  for  attenuation  are  presented  for  prolate  spheroids 
with  an  aspect  ratio  I  5  and  I'  percent  concentration  under  different  considerations  One  sees  that  the  resu.'.s 
ihtamed  from  single  scattering  theory  give  much  higher  attenuation  than  all  other  .ases  and  this  aiso  has  'seen 
■  hserved  for  all  the  subsequent  compulations  Generally  speaking,  the  circumscribing  sphere  assumption  preJuts 
ower  attenuation  while  the  equivalent  volume  assumption  predicts  a  higher  attenuation  However,  the  phase  vetoeds 
s  much  less  sensitive  ui  the  statistics  considered  As  a  matter  of  fact,  the  phase  velocity  for  a  nonresonant  discrete 
random  medium  will  not  be  cnlicallv  affected  by  the  pair  correlation  function  For  oblate  spheroids,  ihis  observation 
also  holds  and  can  be  shown  in  Fable  II  which  is  for  oblate  spheroids  wiih  an  aspect  ratio  0  66’  and  15  per. rut 
.  oncentration 

In  conclusion,  we  would  like  to  emphasize  the  importance  in  introducing  the  nonspherical  stat. sites  nt 
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analyzing  [he  scattering  from  densely  distributed  nonspherical  scatterers.  The  approximations  made  for  the  spatial 
distribution  of  nonsphencal  scatterers  can  produce  results  which  either  over  or  under-estimate  the  effective  properties 
which,  in  this  case,  is  the  attenuation  of  the  effective  medium. 
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Table  1  Effective  K  for  prolate  spheroids  with  an  aspect  ratio  15  and  15.7  percent  concentration 
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Table  II  Effective  K  for  oblate  spheroids  with  an  aspect  ratio  0.667  and  15.7  percent  concentration 
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SUMMARY 

In  this  paper  we  wish  to  consider  the  effect  of  multiple  scattering,  scaaerer  geometry,  statistics  of  the  positional 
and  orientational  distribution  functions  on  the  propagation  of  time  harmonic  electromagnetic  waves  in  a  medium 
containing  a  random  distribution  of  non-spherical  scatterers.  Some  of  the  features  that  complicate  the  analysis  are  -  (1) 
the  size  of  the  scatterers  is  comparable  to  the  wavelength  of  the  propagating  wave;  (2)  the  volume  fraction  occupied 
by  the  scatterers  need  not  necessarily  be  small;  (3)  the  impedance  mismatch  between  the  scatterers  and  the  host 
medium  need  not  necessarily  be  small.  These  in  tum  necessitate  some  of  the  effects  we  wish  to  focus  on  namely  - 
detailed  modeling  of  scatterer  geometry  and  scatterer  response,  multiple  scattering  effects  and  the  effect  of  correlations. 
We  have  already  addressed  many  of  these  factors  [1]  and  in  our  proposed  talk  we  wish  to  present  some  recent  results 
using  non-spherical  statistics  for  the  second  moment  of  the  field. 

In  collaboration  with  Professor  William  A.  Steele  of  Chemistry  Department  at  Penn  State,  we  have  generated 
by  Monte  Carlo  simulation  the  pair  correlation  function  for  spheroidal  particles  as  a  function  of  the  distance  between 
them  and  the  direction  of  the  vector  joining  their  centers.  At  present  we  are  generating  the  pair  correlation  function  for 
randomly  oriented  spheroids  and  are  also  considering  the  effects  of  inter-particle  forces  as  well  as  higher  order 
correlation  functions  for  clusters  of  particles.  All  of  these  have  been  incorporated  into  the  multiple  scattering 
calculations  and  compared  with  available  experimental  results.  In  contrast  to  previous  work  more  attention  will  be 
focussed  on  the  second  moment  of  the  field. 

This  paper  will  fit  in  very  well  with  the  scope  of  the  symposium  in  the  areas  of  mathematical  methods  for 
random  media,  characterization  and  modeling  of  random  media  and  also  interface  quite  well  with  some  of  the  other 
papers  in  this  area  that  we  expect  will  be  presented  at  the  AC  ARD  symposium. 

1.  PREFACE 

The  average  or  effective  properties  of  a  random  medium  containing  inclusions  of  one  material  or  voids 
distributed  in  some  fashion  in  a  second  material  called  the  host  or  matrix  material  can  be  conveniently  studied  by 
analyzing  the  propagation  of  plane  waves  in  such  materials  and  solving  the  resulting  dispersion  equations.  Since 
waves  propagating  in  such  a  two  phase  system  will  undergo  multiple  interactions  with  the  scatterer  phase,  it  becomes 
natural  to  consider  multiple  scattering  theory  and  ensemble  averaging  techniques  if  the  distribution  of  the  inclusion 
phase  is  random.  In  this  paper,  a  multiple  scattering  theory  is  presented  that  utilizes  a  T-matrix  to  describe  the 
response  of  each  scatterer  to  an  incident  field.  The  T-matrix  is  simply  a  representation  of  the  Green's  function  for  a 
single  scatterer  in  a  basis  of  spherical  functions.  In  this  definition,  it  simply  relates  the  expansion  coefficients  of  the 
field  that  is  incident  on  or  excites  a  scatterer  to  the  expansion  coefficients  of  the  field  scattered  when  both  fields  are 
expanded  in  the  same  spherical  wave  basis  (l).  In  theory,  the  T-matrix  is  infinite,  but  in  practice  the  T-matrix  is 
truncated  at  some  size  that  depends  on  the  .atio  of  size  of  scatterer  to  the  wavelength  and  the  complexity  of  the 
geometry  Formally,  the  T-matrix  includes  a  multi  pole  description  of  the  field  scattered  by  the  inclusion  and  this 
requires  a  propagator  for  multipole  fields  to  describe  the  propagation  from  one  scatterer  to  the  next.  Finally,  the 
technique  presented  here  is  for  a  random  distribution  of  scatterers  which  requires  an  ensemble  average  over  the  position 
of  the  -catterers  and  requires  a  knowledge  of  the  positional  correlation  functions. 

In  previous  studies  [2.31  we  relied  on  spherical  statistics  for  hard  spheres,  generated  by  Monte  Carlo  simulation 
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or  by  the  Percus-Yevick  approximation  even  for  non-spherical  scatterers.  Essentially,  this  increased  the  exclusion 
volume  surrounding  the  non-spherical  scatterer,  and  artificially  restricted  us  to  smaller  concentrations  in  order  to 
prevent  the  statistical  spheres  from  overlapping.  In  the  present  study,  these  restrictions  are  removed  by  using  a  new 
Monte  Carlo  simulation  developed  by  Steele  [4]  for  non-spherical  scatterers,  that  is  based  on  expanding  the  two  body 
correlation  functions  in  Legendre  polynomials.  This  permits  us  to  consider  the  angular  correlations  that  exist  for 
non-spherical  oriented  scatterers.  The  final  equation  for  the  formalism  is  the  dispersion  equation  which  describes  the 
propagation  characteristics  of  the  coherent  or  average  filed  in  the  effective  medium.  The  numerical  solution  of  this 
equation  yields  the  effective  complex,  frequency  dependent  propagation  number  which  is  also  a  function  of  the  size, 
geometry  and  distribution  of  the  inclusion  phase.  The  effective  wavenumber  is  a  function  of  the  direction  of 
propagation  in  the  effective  medium  if  the  medium  is  effectively  anisotropic.  If,  for  example,  the  scatterers  are  spheres 
or  if  the  non-spherical  scatterers  are  randomly  oriented,  the  effective  medium  will  be  isotropic,  but  if  the  medium 
contains  aligned  non-spherical  scatterers  the  effective  medium  will  be  anisotropic.  The  effective  wavenumber  can  be 
related  to  the  effective  material  properties  of  the  medium  which  are  also  complex  and  frequency  dependent.  For 
anisotropic  materials,  by  solving  the  dispersion  equation  for  different  directions  of  propagation  with  respect  to  the 
aligned  non-spherical  scatterers,  we  can  construct  all  components  of  the  material  property  tensors  of  the  effective 
medium  such  as  the  elastic  stiffness  tensor  or  the  dielectric  tensor,  see  [5]. 

In  this  paper,  a  systematic  study  is  also  made  of  first  order  contributions  to  the  second  moment  or  incoherent 
intensity  of  the  wave  field  propagating  in  a  discrete  random  medium.  The  second  moment,  which  is  traditionally 
defined  as  the  correlation  function  of  the  component  of  the  field  fluctuations  in  any  direction  u,  is  denoted  by 
Iu  -  <  (  u  •  A  E  )  (  u  •  A  E  )  >, where  AE  -  E  -  <  E  >  is  the  fluctuation  of  the  field.  Since  the  field  fluctuations 
can  be  expanded  in  a  multiple  scattering  series,  each  term  of  which  contains  sums  on  all  possible  scatterers,  it  is 
evident  that  we  can  divide  the  resulting  terms  into  two  sets;  one  involves  considering  only  those  terms  in  which  the 
same  scatterer  contributes  to  a  particular  order  term  in  each  field  fluctuation,  and  the  other  involves  distinct  scatterers. 
This  latter  set  of  terms  will  contribute  to  the  incoherent  intensity  only  if  statistical  correlations  between  scatterers  are 
taken  into  account.  The  first  category  of  terms  are  equivalent  in  spirit  to  radiative  transfer  theory  since  it  is  essentially 
the  intensity  of  the  field  scattered  bv  each  scatterer  that  propagates  from  one  site  to  another.  Even  for  this  set  of  terms, 
positional  correlations  between  scatterers  should  be  taken  into  account  at  volume  fractions  exceeding  a  few  percentage, 
but  these  terms  contribute  to  the  incoherent  intensity  even  if  correlations  are  neglected. 

Numerical  results  for  aligned  and  randomly  oriented  oblate  and  prolate  spheroids  using  the  new  correlation 
functions  have  been  obtained  and  compared  with  previous  calculations  for  spheroids  that  used  spherical  statistics.  We 
foresee  important  applications  of  these  new  results  to  electromagnetic  wave  propagation  through  aerosols,  which  are 
non-spherical  and  often  consist  of  aggregates  and  also  in  other  cases  where  non-spherical  scatterers  are  involved. 

2.  EFFECTIVE  WAVENUMBER  FOR  THE  AVERAGE  FIELD 

IN  A  DISCRETE  RANDOM  MEDIUM 

Let  the  random  medium  contain  N  scatterers  in  a  volume  V  such  that  N  -♦  V  -»  «>,  but  n  -  N/V  the 
number  density  of  scatterers  is  finite.  Let  u,  u°,  uej,  uSj  be  respectively  the  total  field,  the  incident  or  pnmary  plane, 
harmonic  wave  of  frequency  tn,  the  field  incident  or  exciting  the  i-th  scatterer  and  the  field  which  is  in  turn  scattered  by 
the  i-th  scatterer.  These  fields  are  defined  at  a  point  r  which  is  not  occupied  by  any  one  of  the  scatterers.  In  general, 
these  fields  or  potentials  which  can  be  used  to  describe  them  satisfy  the  scalar  or  vector  wave  equation.  Let  Re  0 
and  Ou  <t>n  denote  the  basis  of  orthogonal  functions  which  are  eigenfunctions  of  the  Helmholtz  equation,  see  Morse 
and  Feshbach  [6],  As  explained  in  the  introduction  the  subscript  n'  is  an  abbreviated  superindex  and  vector  notation  is 
implied.  The  qualifiers  Re  and  Ou  denote  functions  which  are  regular  at  the  origin  (Bessel  functions)  and  outgoing  at 
infinity  (Hankel  functions)  which  are  respectively  appropriate  for  expanding  the  field  which  is  incident  on  a  scatterer 
and  that  which  it  scatters.  Thus,  we  can  write  the  following  set  of  self-consistent  equations: 


u  - 

N 

-  uej  +  us,  -  u°  +  Z  uS:  +  us,  , 

j*i  J  1 

(1) 

u°(r) 

pexp(ikk0  t) 

’  Sn  V  Re  0n  <r  -  ri>  • 

(2) 

“C.  ' 

XnCt^Re  On(r-r 

j);  a  <  |  r  -  r(  i  <  2a  , 

(3) 

ue, 

Lnfnl0u  V"r 

j);  r-rj  I  >  a  , 

(4) 

where  a,/  and  fn‘  are  unknown  expansion  coefficients.  We  observe  in  Eqs.  (3)  and  (4)  that  Ha"  is  the  radius  of  the 
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sphere  circumscribing  the  scatterer  and  that  all  expansions  are  with  respect  to  a  coordinate  origin  located  in  a  particular 


scatterer. 


The  T-matrix.  by  definition  simply  relates  the  expansion  coefficients  of  uej  and  uSj  provided  uej  +  uSj  is  the 
total  field  which  is  consistent  with  the  definitions  in  Eq.  (1).  Thus  [1], 


fn  *  Int  Tnn’  “  n!  • 

and  the  following  addition  theorem  for  the  basis  functions  is  invoked: 

Ou  (r  -  rj)  -  Z  n.  a  nn-  (r,  -  rj)  Re  (r  -  rj)  . 

Substituting  Eqs.  (2)  -  (6)  in  Eq.  (1),  and  using  the  orthogonality  of  the  basis  functions  we  obtain 
-  a'  +  £  a  (rj  —  rj)TW  . 

j*i 


or 


(5) 


(6) 


(7) 


This  is  a  set  of  coupled  algebraic  equations  for  the  exciting  field  coefficients  which  can  be  iterated  and  leads  to  a 
multiple  scattering  series. 

For  randomly  distributed  scatterers,  an  ensemble  average  can  be  performed  on  Eq.  (7)  leading  to 

<a‘>i  “  a1  +  <  a  (rj  -  rj)  (8) 

where  <  >  denotes  a  conditional  average  and  Eq.  (8)  is  an  infinite  hierarchy  involving  higher  and  higher 
conditional  expectations  of  the  exciting  field  coefficients.  In  actual  engineering  applications,  a  knowledge  of  higher 
order  correlation  functions  is  difficult  to  obtain,  usually  the  hierarchy  is  truncated  so  that  at  most  only  the  two  body 
positional  correlation  function  is  required. 

To  achieve  this  simplification  the  Quasi-Crystalline  Approximation  (QCA),  first  introduced  by  Lax  [7]  is 
invoked,  which  is  stated  as 


<ai>jj  s  <ai>j  .  (9) 

Then,  Eq.  (8)  simplifies  to 

<a'>j  -  a1  +  <  ct  (rj  -  rj)  TJ<a)>j>i  ;  (10) 

an  integral  equation  for  <a‘>j  which,  in  principle,  can  be  solved.  In  particular,  the  homogeneous  solution  of  Eq.  (10) 
leads  to  a  dispersion  equation  for  the  effective  medium  in  the  quasi-crystalline  approximation.  Defining  the  spatial 
Fourier  transform  of  <a'>j  as 

<a‘>j  -  I  eiK’ri  C'(K)  dK  (11) 

and  substituting  in  Eq.  (10),  we  obtain  for  the  homogeneous  solution 


C'(K)  -  I  Io(rl-rj)TJP(rJlri)eiK*(ri-rj)drJ  CJ(K)  .  (12) 

j*i 

If  the  scatterers  are  identical,  then 

C'(K)  -  d(K)  -  C(K).  (131 

and  thus  for  a  non-tnvial  solution  to  <a‘>j,  we  require  that 

1 1  -  I  /  o  (r(  -  Tj)  TJ  PfTjlr j)  e1  *^ri  "  rj*  dr^  |  -  0  ( 14> 

J** 

In  Eqs.  (12)  and  (14),  P(rj|rj)  is  die  joint  probability  distribution  function  In  order  to  perform  the  integration  in  i  ; 
(14),  we  need  a  model  for  the  pair  correlation  function.  For  non-spherical  scatterers,  the  pair  correlation  function 
depends  not  only  on  the  length  of  the  vector  connecting  the  centers  of  the  scatterers.  but  also  on  the  direction  ot  this 
vector  and  the  orientation  of  each  scatterer.  If  the  scatterers  are  spherical,  then  there  is  no  dependence  on  direction  and 
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orientation  and  the  statistics  are  said  to  be  spherical  or  isotropic.  In  both  cases,  the  scatterers  are  not  allowed  to 
overlap,  i.e.  an  infinite  repulsive  potential  is  assumed  between  scatterers. 

For  aligned  spheroids  which  are  rotationally  symmetric,  the  dependence  is  only  on  the  angle  6  between  the 
separation  vector  and  the  symmetry  axis  which  is  taken  to  be  the  z-axis  of  the  coordinate  system,  as  shown  in  Fig  1 
There  is  no  dependence  on  the  azimuthal  angle  <J>.  The  joint  probability  distribution  function  is  then  written  as 

P(rj  |  rp  -  0  ;  I  fj  —  rj  1  <  R  (9) 

=  G(x)/V;  I  Tj  -  rj  I  >  R  (0)  (15) 

In  the  above  equation,  G(x)  is  the  pair  correlation  function  for  aligned  spheroidal  scatterers,  x  -  r(  -  rj.  and  R(9l  is  the 
minimum  center  to  center  distance  when  the  spheroids  just  touch  one  another  at  one  point,  such  that  the  line  joining 
their  centers  subtends  an  angle  9  with  the  symmetry  or  z-axis  of  the  spheroids.  In  this  case  the  statistics  are  noi 
isotropic  but  are  a  function  of  direction.  Equation  (14)  can  hence  be  simplified  to 


-  nn  \  a  (x)  T  G(x)  e1  K  x  dx  =0 


where  ( 1/V)  X  ^  -  (N  -  1  )/V  «*  nQ.  The  integral  in  Eq.  (16)  is  simply  the  spatial  Fourier  transform  of  oTG.  The 
zeroes  of  the  determinant  as  expressed  by  Eq.  (16),  yield  the  allowed  values  of  K  as  a  function  of  the  microstructure  as 
determined  by  the  T-matrix,  the  number  density  nQ  and  the  statistics  of  the  distribution  as  determined  by  the  pair 
correlation  function.  In  general  K,  the  effective  wavenumber  is  complex  and  frequency  dependent. 

The  dispersion  equation  as  given  in  Eq.  (16)  is  very  well  suited  for  computation.  Using  appropriate  forms  of 
the  basis  functions  0n  which  are  solutions  of  the  field  equations,  the  T-matrix  of  the  single  scatterer  can  be  computed; 
for  example,  see  Varadan  and  Varadan  [1].  The  translation  matrix  o,  although  complicated  in  form  for  sphencal 
functions,  can  nevertheless  be  computed  in  a  straightforward  manner.  The  spatial  Fourier  transform  of  oTG  is  fairly 
easy  to  compute  because  the  integrand  is  well  behaved  for  large  values  of  the  interparticle  distance.  In  recent  years, 
considerable  progress  has  been  made  in  Monte  Carlo  simulation  to  describe  the  statistics  for  non-spherical  hard 
(impenetrable)  panicles  by  Steele.  The  joint  probability  functions  have  been  expanded  in  a  series  of  spherical 
harmonics  and  radial  functions  with  unknown  coefficients.  The  coefficients  are  evaluated  directly  in  the  Monte  Carlo 
simulation.  For  aligned  prolate  and  oblate  spheroids,  these  results  have  just  become  available.  The  excluded  volume 
for  these  geometries  is  also  spheroidal.  This  has  been  implemented  in  calculations  of  the  effective  wavenumber  in 
media  containing  random  distributions  of  aligned  spheroidal  particles  [8],  It  can  be  seen  that  correct  statistics 
conforming  to  the  shape  of  the  particle  is  needed  to  get  correct  results  at  volume  fractions  exceeding  5%. 

2.  INCOHERENT  INTENSITY 

The  total  scattered  intensity  is  directly  proportional  to  the  second  moment  of  the  scattered  field.  It  is  known  that 
the  total  scattered  field  is  a  combination  of  the  average  scattered  field  and  the  fluctuation  of  the  field  due  to  the  random 
distribution  of  scatterers,  i.e.,  u  -  <u>  +  u ,  the  incoherent  component  of  the  scattered  intensity  can  be  obtained  as 

■  ■*  •  • 

<uu  >  -  <  uu  >  -  <uxu>  ,  (17) 

To  first  order,  that  is  taking  only  the  single  scattering  contribution  to  each  scattered  field,  we  obtain 

<u  u  >  -  <lu'l2>-  <Xuj  Xuk>  -  X  <uj>  X<uk> 

-  X  X  <u:  uk>  +  X  <!u:l2>  -  X  X  <U:>*<uk>.  (18) 

j*k  k  J  j  J  j  k  J  ' 

The  ensemble  averages  in  Eq.  (18)  can  be  written  by  integrating  over  the  random  positions  r;,  rt,  etc.  of  the  scatterers. 
Thus,  J 


u  ‘>-  nQ2 // [((N  -  I)/N)  <u  jUk>jk  -  <uj>j*  <uk>ki  drjdrk 


noj<ly  >jdr) 


The  second  term  in  the  above  equauon,  which  is  proportional  to  nQ,  is  the  ordinary  single  scattering  approximation  to 
the  incoherent  intensity  and  the  magnitude  of  the  incoherent  intensity  in  any  direction  is  proportional  to  the  bistatic 
cross  section  of  a  single  scatterer.  The  first  term  proportional  to  nQ2  is  due  to  the  effect  of  positional  correlations 
between  pans  of  scatterers. 


.•N’y-.-vy: 


<uk  -k 


■r  ;rar;e  tcncmncoro;-  die  -oucererx  ire  ir 


<Uj  uk>jk  -  .Uj>j  <uk-k 

and  the  first  term  of  Eq  i  ldi  vanishes. 

In  order  to  obtain  the  incoherent  intensity  for  higher  concentrations,  the  pair  corre.ati.'n  tunc,  r  c  ' 
into  consideration  Recently  Twersky  [  1*3831  has  modified  Eq  1  l^i  for  a  dense  distribution  of  s.  attere:--  •  .»• 
incoherent  intensity  has  the  form: 

<  !u  |2>-  nQ2  jj  [G(r-rk)  -  1]  <Uj>*  <uk>k  dr^  drk 

♦  n0  /  <  !  Uj  I  2>J  dfj  .  :: 

Equation  (21)  is  the  final  form  used  in  our  computation  for  the  incoherent  intensity  up  to  the  first  order  Hour  ,  er 
higher  order  contributions  to  the  incoherent  intensity  become  more  and  more  important  if  the  impedance  rmsm.i 
between  the  scatterers  and  the  host  medium  as  well  as  the  propagation  distance  are  increasing  A  detailed  pw turr  „  ■ 
the  ladder  diagrams  in  explaining  the  higher  order  multiple  scattering  processes  can  be  found  in  our  previous  paper 
In  the  calculation,  a  knowledge  of  the  coherent  field  is  still  required  since  the  average  scattered  field  <u  >:  is  in. 
in  the  formalism.  The  average  scattered  field  <Uj>j  holding  the  j-th  scatterer  fixed  can  be  expressed  as.  using  1 

<uj>j  -  Ij,.  Tm.  <ctnj>j<on<r  -  i-j).  :: 

The  exciting  field  coefficients  are  initially  unknown  in  Eq.  (22).  However,  the  average  field  • 
exciting  the  j-th  scatterer  is  known  after  defining  an  effective  propagation  constant  K  which  is  complex  k  -  *■ 
iK2).  Following  this  definition,  the  average  or  effective  exciting  field  can  be  written  as 

<anJ>j  “  ^  e  * 

where  kQ  is  the  propagation  direction  of  the  incident  wave.  The  unknown  effective  exciung  amplitudes  h> 
can  be  solved  by  invoking  the  extinction  theorem. 

If  we  substitute  Eq.  (22)  in  (21),  we  obtain 

<  I  u  |2>  -  nQ2 1 1  [G(rrrk)  -  ll^T^.  <0^  Wn~*  «V'k>*kV'  drJdrk 

+  no  ^  1 1  Tnn'  '2  drj ■ 

We  notice  that  in  Eq.  (24),  the  multiplication  of  the  T-matrix  and  the  effective  exciting  field  is  mdetvn 
integral  and  the  pair  correlation  function.  In  fact,  the  integral  of  the  pair  correlation  function  tumx  •.  v 
dimensional  spatial  Fourier  transform  of  the  pair  correlation  function  [G(x)-1  ].  In  order  to  investigate  tne 
of  the  incoherent  intensity,  we  calculate  the  major  normalized  quantity  which  is  defined  as  folios*  x 

<IU>  -  (IJlJ  (kr)2  (v/V) 

-  2c(lTnn.An.Yn,)(  ZTn-n-A,;-Yn».)*  F(  kQ.  K.  r  )  '  [  <K-,ki<ka> '  7.  a 

where  YR.  are  the  normalized  spherical  harmonics,  {Y^mCT(9,C>)},  Z  is  the  distance  't  penroao  • 
n’(n"  or  n"1)  is  the  index  representing  /  and  m;  '  is  the  radial  distance  from  the  „  cmr-  •  ■  -■<-  .. 
observation  point,  v  is  the  volume  of  a  single  scatterer  and  V’ is  the  \*  hole  w  anerir.c  . 
in  Eq.  (25)  is  given  as 

F  -  1  +  nQ  J  [  G(x)  -  1]  exp  [  i(Kk0  -  k  r  r )  •  x  '  dx 

For  spheres,  the  radial  distribution  function  depends  oulv  on  the  cepor .in -r-  :  j  .  . 
is  performed  numerically  using  tabulated  values  of  Co  from  M  me  u.  , 

integral  equation  for  non-overlapping  spheres  For  non  -  pher  .  .i 
integrations  on  orientation  and  distance  and  the  integration  x  m.  r<-  -  r 

again  obtained  from  Monte  Carlo  simulation 


3.  RESULTS  AND  DISCUSSION 


In  order  to  study  the  characteristics  of  the  incoherently  scattered  wave  intensity,  we  choose  electromagnetic 
waves  as  probing  waves  simply  because  there  are  a  number  of  applications  in  remote  sensing. 

By  sending  plane  electromagnetic  waves  through  scatterers  we  intend  to  find,  first,  the  angular  dependence  of  the 
incoherent  intensity  and  the  influence  of  different  polarizations,  e.g„  vertical  and  horizontal  polarizations.  If  it  is  not 
specifically  mentioned,  scatterers  are  assumed  to  be  spherical  or  spheroidal  ice  particles  with  a  relative  dielectric 
constant  e  •  3.168  embedded  in  air.  Fig.  2  presents  the  normalized  incoherent  intensity  versus  observation  (scattering) 
angles.  The  forward  scattering  angle  is,  in  our  case  0°  and  therefore  the  backscattering  direction  is  180°.  The 
nondimensional  frequency  considered  is  0.6  which  is  equivalent  to  a  physical  frequency  of  about  14  GHz  if  a  2  mm 
particle  is  considered 

Taking  a  further  look  at  Fig.  3,  we  can  conclude  that  the  vertical  polarization  gives  more  angular  dependence  of 
the  incoherent  intensity  than  the  horizontal  one.  There  is  an  extremely  low  intensity  (i.e.,  a  deep  minimum  in  the 
curve)  that  occurs  at  90°  at  a  ka-0.6.  This  phenomenon  happens  again,  however,  at  a  higher  observation  angle  of  125° 
when  the  frequency  ka  is  raised  to  2.  There  is  no  polarization  difference  at  the  forward  and  backscattering  directions  for 
the  incoherent  intensities. 

In  Fig.  4,  we  compare  the  backscattered  intensity  calculations  with  and  without  the  effect  of  pair  correlations. 
These  results  tell  us  that  if  the  intensity  is  calculated  without  considering  the  pair  correlation  function  when  the 
concentration  becomes  even  moderately  high,  i.e.,  5%,  one  is  able  to  see  the  difference  in  the  magnitude  particularly  in 
the  low  frequency  range. 

Finally,  we  want  to  say  something  about  the  effect  of  the  pair  correlation  function.  In  order  to  tell  the 
importance  of  its  effect  on  the  final  first  order  scattered  intensity,  we  simply  calculate  the  function  F  which  appears  in 
Eq.  (25)  and  has  been  defined  in  Eq.  (26).  As  can  be  seen  from  Eq.  (26),  it  involves  a  Fourier  transform  of  the  pair 
correlation  function  and  it  contains  an  effective  propagation  constant  K;  hence  it  depends  on  the  properties  of  the 
scatterers,  the  concentration,  frequency  and  angle  of  observation.  In  Figs.  5  and  6,  we  can  see  that  the  Fourier 
transform  of  the  pair  correlation  function  dominates  the  scattering  response  particularly  in  the  low  frequency  range  and 
in  the  forward  direction.  In  the  high  frequency  range,  it  does  not  affect  the  scattered  intensity  much.  Also,  we  observed 
that  the  intensity  decreases  after  a  volume  fraction  c  -  15%  ,  which  is  also  a  fact  pointed  out  in  Kuga’s  experiments. 

From  Fig.  7,  it  is  clear  that  the  difference  in  obtaining  the  effective  K  is  quite  large  if  the  spherical  statistics  is 
employed  in  approximating  the  nonspherical  statistics.  Therefore,  for  nonspherical  scatterers  of  considerable 
concentrations,  the  incoherent  intensity  can  be  mistakenly  estimated  using  Eqs.  (22),  (23)  and  (24)  which  all  involve 
the  effective  wavenumber  K.  In  addition,  the  pair  correlation  function  G(x)  in  Eq.  (26)  may  even  contribute  more  to 
the  difference  depending  on  the  concentration  and  the  observation  angle  considered. 
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Figure  1  Multiple  scattering  of  waves  in  discrete  random 
media  with  positionally  and  orientationally 
correlated  nori-spherical  scatterers. 
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Figure  2  Normalized  incoherent  intensity  vs. 

observation  angle  for  ice  particles  (ka  —  0.6). 
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Figure  3  Same  as  Fig.2  except  ka  -  2. 
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ABSTRACT 

Recently,  an  interesting  phenomenon  has  been  reported  as  a  result  of  a  series  of  optical  backscattering 
experiments  conducted  using  collimated  light  sources  (lasers).  A  locally  high  intensity  maximum  has  been  observed 
in  the  range  ofji-e<9<K+e  where  c  is  of  the  order  of  milliradians  and  9  »  it  is  the  backscattering  direction.  • 
Albeit  similar  phenomena  found  in  backscattering  from  various  random  media,  e.g.,  scattering  of  electrons  by 
impurities  in  metals  and  light  scattering  from  random  rough  surfaces,  this  is  the  first  observation  of  enhanced 
backscattering  from  suspensions. 

In  this  paper,  based  on  multiple  scattering  theory,  we  use  the  improved  two  scatterers  T  matrix  program,  which 
takes  all  back  and  forth  scattering  into  account  between  two  scatterers  and  considers  the  multiple  scattering  effect,  in 
the  intensity  calculation.  The  widths  and  magnitudes  of  the  backscattered  intensity  peak  of  our  computations  compare 
favorably  with  those  of  optical  experiments. 


INTRODUCTION 

Backscattering  enhancement  or  similar  phenomena  have  been  observed  in  various  backscattering  experiments, 
for  example,  the  Anderson  localization  from  scattering  of  electrons  by  impurities  in  metals  [Abrahams  et  al.,  1979  ; 
Bergmann,  1984],  scintillation  in  turbulent  mediat  [Yeh  et  al.,  1975;  Rino  et  al.,  1982]  and  speckling  from  light 
scattering  by  random  rough  surfaces  [Dainty,  1984;  Hecht,  1986].  And  generally  speaking,  the  enhanced  backscattering 
can  happen  when  (i)  waves  scattered  by  turbulent  media  -  continuous  random  media  (e.g.,  atmosphere);  (ii)  waves 
scattered  by  a  collection  of  randomly  distributed  scatterers  with  high  concentration;  (iii)  waves  scattered  by  moving 
scatterers  or  by  scatterers  having  Browniin  motion;  (iv)  waves  scattered  by  scatterers  (moving  or  stationary)  in  a 
turbulent  medium  ;  (v)  waves  scattered  from  random  rough  surfaces;  (vi)  waves  scattered  by  scatterers  in  front  of  a  rough 
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The  reason  for  this  is  partly  that  although  waves  are  travelling  in  random  media,  the  propagation  of  waves  in 
such  media  (cases  (i)  -  (vi))  is  accompanied  by  multiple  scattering  as  well  as  specific  coherent  effects  and  the 
enhancement  is  caused  by  positive  interference  of  all  the  scattered  waves.  The  recently  observed  enhanced 
backscattering  phenomenon  from  dense  suspensions  appears  to  be  the  similar  result  which  cannot  be  explained  by 
radiative-transfer  theory.  Albeit  the  cyclic  diagram  in  conjunction  with  point  scatterer  approximation  introduced  in 
multiple  scattering  theory  to  explain  the  enhanced  backscattering  [Tsang  and  Ishimaru,  198S],  however,  the 
experimental  observations  all  deal  with  scatterer's  size  large  compared  with  the  incident  wavelength  [Kuga  and  Ishimaru, 
1983;  Albada  and  Lagendijk,  1985;  Wolf  and  Maret,  1985].,  and  therefore  a  detailed  computation  based  on  anisotropic 
scattering  for  finite  size  scatterers  is  essential.  In  addition,  the  back  and  forth  scattering  between  a  pair  of  scatterers, 
which  has  been  neglected  in  the  ladder  approximation,  may  have  major  contribution  toward  backscattering  rather  than 
in  the  forward  direction  mentioned  in  one  previous  paper  [Bringi  et  al.,  1980]  coauthored  with  us. 

In  this  paper,  based  on  multiple  scattering  theory,  we  use  the  improved  two  scatterers  T  matrix  program,  which 
takes  all  back  and  forth  scattering  into  account  between  two  scatterers  and  considers  the  multiple  scattering  effect,  in 
the  intensity  calculation.  The  widths  and  magnitudes  of  the  backscattered  intensity  peak  of  our  computations  compare 
favorably  with  those  of  optical  experiments. 
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INCOHERENT  INTENSITY  FORMULATION 

The  detailed  derivations  and  intermediate  steps  in  obtaining  the  final  expression  for  intensity  can  be  referred  to 
our  paper  [Varadan  et  al.,  1987],  The  average  incoherent  intensity  <  I  >  can  be  obtained  as  follows 

<  I  > 

2 

i  ■ 

“O2  A  <  uk  >k  <  uj*  >j  drk  drj  (1) 

where  nQ  is  the  number  density  (  nQ-  N/V),  uk  is  the  scattered  field  from  the  j-th  scatterer,  <  >j  and  <  >jk  are 
conditional  configuration  averages  holding  the  positions  of  the  j-th  and  both  the  j-th  and  k-th  scatterers  fixed, 
respectively,  and  g(rjk)  the  radial  distribution  function  for  spherical  scatterers.  Equation  (1)  is  an  exact  expression  for 
the  incoherent  intensity  <  I  >  . 

In  order  to  perform  the  computation,  we  need  to  make  approximations  for  the  expression  of  <  |Uj|  >j  and 

♦ 

<  ukUj  >j ,  which  are  both  unknown,  in  terms  of  the  effective  exciting  field  <  uk  >k  which  is  known  [Varadan  et  al., 
1985].  By  neglecting  higher  order  statistics  and  considering  only  the  two  particle  pair  correlation  function  [Varadan  et 
al.,  1987],  we  can  obtain 
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+  nQ2  I  //  [  4»k  Tk  <  ak  >k  ]  [  4-j  TJ  <  a)  >j  ]*  [  g(rjk)  -  1  ]  dij  drk 

+  nQ2 1  If  [  'f'k  Tk  okj  TJ  <  J  > j  H  S' j  T-l  ojk  Tk  <  ak  >k  ]*  g(rjk)  drj  drk 

+  n02  2  //  [  *Fk  Tk  okj  TJ  ojkTk  <  ctk  >k  ]  x 
x  [  Tj  ojk  I4  ckj  TJ  <  a)  ^1*  g(rjk)  drj  drk 

+  ..:  (  cyclic  diagrams  )  (2) 

In  Eq.  (2)  T*  is  the  T  -  Matrix  of  the  j-th  scatterer  [Varadan  and  Varadan,  1980],  vFk  is  the  outgoing  function  (Hankel 
function)  of  the  k-th  scatterer  and  okj  the  translation  operator.  Each  term  of  the  two  series  in  (2)  represents  a  certain 

order  of  scattering.  For  the  same  order  of  scattering,  the  cyclic  terms  are  proportional  to  a  higher  power  in  the  number 

density.  Thus  at  low  concentrations  cyclic  terms  contribute  less  than  the  ladder  terms  to  the  the  same  order  of 
scattering.  Eq.  (2)  can  be  represented  diagrammaticaUy  as  follows, 

(a)  Ladder  Diagram 


< - Q - O  —  -  -  <•<  -i 


<--a - - 0<T - Co<  > 


(b)  Cyclic  Diagram 


< 


<o<*? 

K 


^ - o.*.  -  -<r^  ;>. 

J  ; 


•  —  o 

y 


>. 


In  fact  the  so  called  cyclic  terms  can  all  be  summed  if  one  replaces  the  infinite  series  in  (4)  with  the  T-matrix  of 
a  pair  of  scatterers  which  considers  all  the  back  and  forth  scattering  between  them.  The  back  and  forth  scattering 
between  a  pair  of  scatterers,  which  has  been  neglected  in  the  ladder  approximation,  may  have  major  contribution 
toward  backscattering  rather  than  in  the  forward  direction  mentioned  in  one  previous  paper  [Bringi  et  al.,  1980] 
coauthored  with  us.  Eq.  (4)  may  hence  be  written  diagrammaticaUy  as 

<“ — t — ~  - 1  < 
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where  T-ik  ,  the  two  scatterer  T-  matrix  has  the  following  form  [Varadan  and  Varadan,  1981] 
T*  -  R(  rQ  )TJ  [  1  -  o(rjk)  Tk  o(rkj)  T*  ]  '*  [  1  -  o(rjk)  Tk  R(rkj)  ]  R(-  rQ  ) 


(6) 
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+  R(  rQ  )  Tk  [  1  -  o(rkj)  <*rjk)  Tk  1  A  [  1  +  o(rkj)  T*  R(rjk)  ]  R(-  rQ ) 

In  the  above  expression,  R(  rQ  )  is  the  regular  part  of  the  translation  matrix  o(  rQ  ).  rjk  -  <j  ~  rk  and  ro  "  <rj  +  rk)/2- 
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RESULTS  AND  DISCUSSION 

In  general,  at  low  concentrations,  both  the  magnitude  of  scattered  intensity  and  multiple  scattering  contribution 
are  not  strong  enough  to  reach  the  threshold  of  the  enhanced  backscattering.  When  the  enhanced  backscattering 
happens,  the  width  of  the  intensity  peak  is  proportional  to  the  imaginary  part  of  the  effective  wavenumber.  In  other 
words,  the  width  is  inversely  proportional  to  the  mean  free  path  which  is  getting  smaller  when  the  concentration  is 
getting  larger  (the  average  separation  distance  between  two  scatterers  is  getting  smaller).  The  calculated  mean  free 
path  length,  which  compares  very  well  with  that  of  the  experiment,  and  the  data  used  in  the  intensity  calculation  are 
shown  in  Table  1. 

To  perform  the  calculation,  one  needs  to  adopt  the  cylindrical  coordinates  instead  of  the  spherical  one  to  match 
the  experimental  set-up  which  brings  the  complexities  in  converting  the  spherical  functions  to  their  cylindrical 
counterparts.  Furthermore,  in  order  to  compare  with  the  experimental  results,  especially  the  magnitude  and  the  width 
of  the  intensity  peak,  the  proper  integration  limits  must  be  taken  care  of  very  carefully.  The  widths  and  the 
magnitudes  of  the  backscattered  intensity  peak  of  our  computations  compare  favorably  with  those  of  Albada's 
experiments  in  which  the  receiver  used  has  a  very  small  field  of  view  and,  hence,  gives  a  much  better  signal 
resolution  (see  Fig.  1).  However,  due  to  the  truncation  of  the  orders  of  scattering  due  to  the  tremendous  amount  of 
CPU  time  required,  we  did  not  obtain  a  full  match. 

REFERENCES 

E.  Abrahams,  P.W.  Anderson,  D.C.  Licciardello  and  T.V.  Ramakrishnan,  Phys.  Rev.  Lett.  42,  673  (1979). 

E.  Akkermans,  P.E.  Wolf,  and  R.  Maynard,  Phys.  Rev.  Lett.  56,  1471  (1986). 

M.P.  Van  Albada  and  A.  Lagendijk,  Phys.  Rev.  Lett.  55,  2692  (1985). 

G.  Bergmann,  Phys.  Rev.  107,  1  (1984). 

V.N.  Brlngl,  T.A.  Seliga,  V.K.  Varadan  and  V.V.  Varadan,  "Bulk  propagation  characteristics  of  discrete  random 
media,"  in  Multiple  Scattering  and  Waves  in  Random  Media,  edited  by  P.L  Chow,  W.E.  Kohler  and  G.C. 
Papanicolaou,  North-Holland,  1981. 

J.C.  Dainty  (ed.).  Laser  Speckle  and  Related  Phenomena,  Springer-Verlag,  1984. 

Y  Kuga  and  A.  Ishimaru,  J.  Opt.  Soc.  Am.  AI,  831  (1984). 

C.L.  Rlno,  IEEE  Trans.  Antennas  Propagat.  AP-24,  912  (1976). 

L.  Tsang  and  A.  Ishimaru,  J.  Opt.  Soc.  Am.  A2,  1331  (1985). 

V.K.  Varadan  and  V.V.  Varadan,  Eds.,  Acoustic,  Electromagnetic  and  Elastic  Wave  Scattering  -  Focus  on  the  T  ■ 
Matrix  Approach,  Pergamon  Press,  New  York,  1980. 

V.V,  Varadan  and  V.K.  Varadan,  J  Acoust.  Soc  Am  70,  213  (1981) 


» 

> 


L 


■■ 

'kU 


>■ 


v»;v:y: 


V»  fcW»W«V«V»VVii  u  Vnfri  >i 


V.V.  Varadan,  Y.  Ma  and  V.K.  Varadan,  J.  Opt.  Soc.  Am.  A2,  No.  12.  2195  (1985). 

V.V.  Varadan,  Y.  Ma  and  V.V.  Varadan,  "Scattered  intensity  of  a  wave  propagating  in  a  discrete  random  medium, 
submitted  to  Applied  Optics,  August  1987. 

P.E.  Wolf  and  G.  Maret,  Phys.  Rev.  Lett.  55,  2695  (1985). 

K.C.  Yeh,  Radio  Sci.  18,  159  (1983). 

Table  1.  Data  used  in  the  calculation  [Ref  :  Albada  and  Lagendijk,  1985] 

Concentration  nQ  (i)  14.1  x  10^  Ire?  (corresponding  volume  fraction  c  -  0.09587) 

(ii)  3.48  x  1016  /m3  (  c  -  0.02366) 

(iii)  1.49  x  1016  /m3  (c  -  0.01013) 

Particle  size  d  »  1.091|im  (in  diameter) 

Refractive  index  n  (latex  5100)  «  1.6 
Refractive  index  n  (distilled  water)  -  1.33 
He-Ne  laser  wavelength  3.  -  633  nm 
Nondimensional  frequency  kd  (2nd/X)  -  1Q.8294  (>>  1) 

Calculated  effective  K  -  Ki  +  iK2 


(i) 

Kj/kw  -  1.01266,  K£/kw  -  0.1514  x  1<5_1 

(  c  -  0.09587) 

(ii) 

Kj/kw  -  1.00231,  Kj/kw  -  0.3839  x  10~2 

(  c  -  0.02366) 

(iii) 

Kj/kw  -  1.00093,  K2/kw  -  0.1618  x  10-2 

(  c  -  0.01013) 

Mean  free  path  (Albada's  experiment)  -  2.6  (am  (  for  nQ  -  14.1  x  1016  /m-* ) 
Calculated  mean  free  path  (from  K^)  *  2-5  nm 
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ABSTRACT 

This  paper  investigates  the  second  moment  (average  intensity)  of  an  EM  wave  field  propagating  in  a  medium 
containing  densely  distributed  nonspherical  scatlcrers  whose  positions  are  random.  The  effective  propagation 
constant  K  obtained  from  our  previous  work,  using  the  nonspherical  statistics  in  the  investigation  of  multiple  EM 
wave  scattering  by  aligned  prolate  and  oblate  dielectric  spheroids,  and  the  appropriate  pair  correlation  function  for 
nonspherical  scattercrs  obtained  by  the  Monte  Carlo  method  are  required  in  implementing  the  moment  equation  to  get 
the  numerical  results  for  intensity.  The  comparison  between  the  results  using  correct  nonspherical  statistics  and 
approximated  spherical  statistics  indicates  that  even  a  small  difference  for  the  effective  propagation  constant  K  will 
produce  a  remarkable  difference  in  intensity.  Numerical  results  for  average  intensity  scattered  by  spherical  particles 
using  our  intensity  formalism  are  also  presented  and  compared  with  some  microwave  measurements.  The  extension  of 
the  present  work  is  to  study  wave  propagation  in  a  medium  containing  a  random  distribution  of  randomly  oriented 
nonspherical  scatterers  and  investigate  the  isotropic  properties  of  the  medium. 

INTRODUCTION 

The  statistical  moments  of  a  wave  propagating  in  a  random  medium  are  of  great  interest  for  use  in 
communication,  probing  and  remote  sensing.  The  present  paper  following  the  trace  of  our  previous  work,  in  which 
the  first  moment  of  a  random  wave  field  has  been  carefully  investigated  using  appropriate  statistics,  starts  to 
examine  the  effects  of  nonspherical  statistics  on  the  second  moment  (average  intensity)  of  a  wave  field  propagating 
in  a  medium  consisting  of  randomly  distributed  nonspherical  scatterers.  In  our  intensity  formalism,  shape  factor,  size 
distribution,  orientation  distribution  and  physical  properties  of  scatterers  can  all  be  considered,  however,  the 
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intensity  equation  for  densely  distributed  scatterers  requires  the  pair  correlation  function  which  is  available  at  the 
present  time  only  for  simple  shaped  scatterers  with  special  alignments. 

To  make  the  problem  tractable,  nonspherical  scatterers  with  rotational  symmetry  properties  randomly  distributed 
in  free  space  are  first  considered.  Scatterers  of  this  kind  whose  scattering  responses  are  able  to  be  respresented  by 
the  T-matrix  [Varadan  and  Varadan  ,  1980].  Further,  we  consider  only  the  aligned  case  which  means  the  symmetry 
axes  of  the  scatterers  are  all  parallel  to  the  direction  of  the  incident  wave. 

In  the  calculation  of  intensity,  without  losing  generality,  we  used  the  distorted  Born  approximation  in  the 
intensity  equation  in  which  the  required  effective  propagation  constant  K  is  obtained  from  our  previous  work 
[Varadan  et  al.,  1986,  1987]  using  the  nonspherical  statistics  in  the  investigation  of  multiple  EM  wave  scattering  by 
aligned  prolate  and  oblate  dielectric  spheroids.  The  pair  correlation  function  for  nonspherical  I'-.ateren  is  obtained 
by  the  Monte  Carlo  method  which  has  been  introduced  in  our  paper  [Varadan,  et  al,  1987],  The  comparison  between 
the  results  using  correct  nonspherical  statistics  and  approximated  spherical  statistics  indicates  that  even  a  small 
difference  for  the  effective  propagation  constant  K  will  produce  a  remarkable  difference  in  intensity.  Numerical  results 
for  average  intensity  scattered  by  spherical  particles  using  our  intensity  formalism  are  also  presented  and  compared 
with  some  microwave  measurements. 

MULTIPLE  SCATTERING  FORMULATION  FOR  THE  INTENSITY 
We  consider  N(N  — »  ••)  rotationally  symmetric  oriented  scatterers  randomly  distributed  in  a  volume  V(V  — >  — )  so 
that  the  number  of  particles  per  unit  volume  Hq  »  N/V  is  finite.  For  the  scattering  of  waves  by  those  scatterers 
located  at  rj,  Tj,  . .  r^,  we  represent  the  total  field  outside  the  scattcrer  by 

U(r)  -u0(r)  +  IUj(r-rj).  (1) 

where  uQ  is  the  incident  wave  field  and  Uj  the  field  scattered  from  the  J-th  scattcrer.  If  the  scatterers  are  randomly 
distributed  in  space,  the  total  field  can  be  divided  into  two  parts  and  expressed  aa 

U(r)  -  <  U(r)  >  +  v  .  (1-s) 

We  call  <  U(r)  >  or  <  U  >  the  average  or  coherent  field  and  v  the  fluctuation  or  incoherent  field.  The  angular 
brackets  <  >  represent  the  configuration  or  ensemble  average  whose  definition  is  quite  common  in  statistics. 

Similarly,  we  average  the  "intensity"  (or  the  second  moment  of  the  field)  |U|2  over  the  ensemble,  and  write  the 
"average  total  intensity"  as 

<  |U|2  >-|<U>|2  +  <|v|2> 

-  I  <  U  >  |2  +  V  (2) 

2 

where  |  <  U  >  r  is  the  coherent  intensity  and  can  be  determined  if  the  average  field  <  U  >  is  known.  However,  th» 
incoherent  intensity  V  which  is  the  ensemble  average  of  the  absolute  square  of  the  field  fluctuation  is  not  a  directly 
obtainable  quantity.  By  the  use  of  (1)  and  some  operation  rules  for  the  configuration  average,  the  incoherent 
intensity  V  in  (2)  can  be  written  as 

V  •  I  <  jujl  >  +  II  <  u^uj  >  -  EX  <  u^  >  <  Uj  >  (3) 

where  the  superscript  represents  the  complex  conjugate  of  the  attached  quantity.  (3)  is  a  finite  sum  though  "N", 
the  number  of  scatterers,  can  be  fairly  large;  its  computation  becomes  impractical  even  for  a  moderate  N  and  in  most 
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cases  impossible.  In  terms  of  an  appropriate  probability  distribution  function  and  the  conditional  configuration 
average,  (3)  can  be  expressed  in  the  following  integral  form 
V  .  n0/<|uj|2>jdrj 

+  nQ2  JJ  <  ukuj*  >jk  G(rjk)  drk  drj 

-  nQ2  //  <  uk  >k  <  Uj*  >j  drk  drj  (4) 

where  <  >j  and  <  >jk  are  conditional  configuration  averages  holding  the  positions  of  the  j-th  and  both  the  j-th 
and  k-th  scatterers  fixed,  respectively.  G(rjk)  the  pair  correlation  function,  for  aligned  spheroidal  particles,  can  be 
expanded  in  the  Legendre  polynomials  as  [Varadan  el  al.,  1987] 

G(r)  -  In  gn(r)Pn(cos0) 

where  the  coefficients  depend  on  the  distance  between  particles  and  azimuthal  angle  and  implicitly  on  the 
concentration  of  scatterers.  For  spherical  scatterers,  the  pair  correlation  function  becomes  the  radial  distribution 
function  g(rjk)  upon  which  spherical  statistics  bases.  Eq.  (4)  is  an  exact  expression  for  the  incoherent  intensity  V. 

If  the  scatterer  locations  are  random  and  independent  of  one  another,  only  the  first  term  on  the  RHS  of  (4) 
remains.  This  is  the  single  scattering  approximation  to  the  intensity.  Otherwise,  in  addition  to  incoherent  single 
scattering,  a  relatively  coherent  intensity  appears  the  contribution  of  the  second  term  grows.  As  the  concentration 
of  scatterers  increases  a  local  order  is  introduced  in  the  near  field  of  the  scatterers  since  the  particles  can  only  be 
packed  in  a  limited  number  of  ways.  In  order  to  proceed  further  with  the  computation  of  the  incoherent  intensity  as 
stated  in  (4),  we  need  expressions  for  <uj>jl  <|Uj|2>;  and  <ukUj*>. 


In  order  to  calculate  the  incoherent  intensity  V  from  (4)  an  approximation  needs  to  be  made  for  <  lUjl2  >j  as 
well  as  for  <  ukuj*  >jk  ,  which  arc  both  unknown.  If  we  consider  only  first  order  scattering,  we  can  use  the  distorted 
Born  approximation  (DBA)  as  follows: 


<ukuj  >jk  a  <  «Jk  >k<  ^  >j.  ^ 

This  approximation  was  used  by  Twcrsky  (Twersky,  1957]  in  solving  the  rough  surface  scattering  problems  and  has 
subsequently  been  used  by  several  other  authors.  Using  (5),  in  the  distorted  Born  approximation,  (4)  can  thus  be 


no  ^  <  uj  >  j<  Uj*  >j  dfj 


n02  JJ  <  uk  >k  <  Uj*  >j  [  G(rjk)  -  1  ]  drk  drj . 


Equation  (6)  represents  the  incoherent  intensity  in  the  DBA.  Its  source  is  the  coherent  field,  <Uj>j  Later  we 
show  that  the  average  scattered  field  <  Uj  is  related  to  the  average  exciting  field  when  we  neglect  the  field 
fluctuations  in  the  field  exciting  a  scatterer.  Equation  (6)  tells  us  that  the  second  term  has  a  contribution  to  the 
intensity  whenever  the  i-th  and  j-th  scatterers  are  close  to  each  other  (position  dependence),  otherwise  the 
contribution  can  be  neglected.  Eq.  (6)  is  a  deterministic  equation  since  only  the  average  exciting  field  is  involved 
and  the  calculation  is  straight  forward  as  long  as  the  pair  correlation  function  is  known. 


To  compute  the  intensity  in  the  DBA,  or  to  proceed  further  with  the  analysis  of  (4),  we  need  an  expression  for 
the  coherent  field.  For  a  single  scatterer,  the  scattered  field  from  the  j-th  scatterer  can  be  expressed  as 

u;  -IfJ'F.j  (7) 

j  n  n 

where  f J  are  ihe  scattered  field  coefficients  and  H'J  the  outgoing  functions  (Hankel  functions).  The  scattered  field 
coefficients  fj  and  the  exciting  field  coefficients  aj  are  related  through  the  T  matrix  [Varadan  and  Varadan,  1980]  : 

f J  -  I T  _  J  a  J  .  (8) 

n  nn  n 

Substituting  (8)  into  (7)  and  taking  the  conditional  configuration  average,  we  have 

<u>j  (9) 

Further,  to  simplify  the  computation,  we  assume  the  shape,  size,  and  physical  properties  of  all  the  scatterers  are 


independent  of  their  positions.  In  such  a  case,  (9)  can  be  written  as 

<u>j  -ZITnnJ<anj>j'Fni.  (10) 

where  the  exciting  field  coefficients  of  the  j-th  scatterer  can  be  shown  to  be  [Varadan  et  al ,  1985] 

+  (11) 

In  (11),  ij  are  the  incident  field  coefficients  of  the  j-th  scatterer  and  oQQ.  is  the  translation  matrix  for  spherical 
wave  functions.  Although  aQJ  are,  in  general,  unknown  for  a  random  distribution  of  scatterers,  their  conditional 
average  <  aQJ  >j  (average  exciting  field  coefficients  of  the  j-th  scatterer  whose  position  is  fixed)  are  assumed  to 
have  the  following  form  [Varadan  et  al.,  1985] 

.  <  aj  -  X„  exp  ( i  Kk0Tj  j  (12) 

which  states  that  for  an  incident  plane  wave  field,  the  average  exciting  field  propagates  with  a  new  propagation 


constant  K  along  the  incident  wave  direction  kQ.  The  new  propagation  constant  K  is  complex  and  frequency 
dependent  and  can  be  obtained  by  solving  the  dispersion  equation  [Varadan  et  al.,1986]. 


RESULTS  AND  DISCUSSION 

In  order  to  show  the  effect  of  nonspherical  statistics  on  intensity,  results  based  on  the  approximation  for 
randomly  distributed  spheroids  using  single  scattering  theory  and  the  spherical  statistics  (Circumscribing  Sphere 
Approximation  and  Equivalent  Volume  Approximation  [Varadan  el  al.,  1986]  are  compared  with  those  using 
nonspherical  statistics.  We  have  picked  values  of  the  effective  wavenumber,  which  is  obtained  using  the 
nonspherical  statistics  in  the  investigation  of  multiple  EM  wave  scattering  by  aligned  prolate  and  oblate  dielectric 
spheroids  [Varadan  et  al.,  1987],  and  used  them  to  compute  the  intensity  and  show  the  results  in  Figs  1  and  2.  One 
sees  from  both  figures  that,  off-forward  scattering  at  the  fixed  frequency  as  well  as  forward  scattering  at  different 
frequencies,  without  using  the  correct  pair  statistics  for  nonspherical  scatterers,  the  computed  intenties  are  quite 
different  from  case  to  case.  This  fact  explains  why  it  is  necessary  to  introduce  the  nonspherical  statistics  into  the 
intensity  calculation. 

To  check  the  validity  of  our  formalism,  we  compared  our  incoherent  intensity  calculations  with  the  microwave 
experiments  conducted  by  Beard  et  al.  [1965].  The  transmitted  intensity  was  calculated  using  the  DBA  as  given  in 
(6)  where  9-0°  represents  the  forward  direction.  This  calculation  is  based  on  the  experimental  set-up  which 
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consist!  of  i  slab  region  styrofoam  container,  for  various  concentrations  of  scatteren  at  the  fixed  frequency.  For  the 
cue  ka  -  20.8  for  tenuous  scattcrers  with  relative  index  of  refraction  1.016  the  computed  results  match  very  well 
with  the  meuurements  for  off-forward  scattering  u  depicted  in  Fig.  3. 
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(6)  where  6-0°  represents  the  forward  direction.  This  calculation  is  based  on  the  experimental  set-up  which 
consists  of  a  slab  region  styrofoam  container,  for  various  concentrations  of  scatterers  at  the  fixed  frequency.  For  the 
case  ka  •  20.8  for  tenuous  scatterers  with  relative  index  of  refraction  1.016  the  computed  results  match  very  well 
with  the  measurements  for  off-forward  scattering  as  depicted  in  Fig.  3. 
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Fig.  1  Forward  scattered  incoherent  intensity  versus  nondimensional  frequency  ka. 

(oblate  spheroid  b/a  «  0.667,  c  -  0.15) 


9  ( In  degree) 


Fig.  2  Incoherent  intensity  versus  scattering  angle  at  ka  *  1.0. 
(oblate  spheroid  b/a  -  0.667,  c  -  0.15) 
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Fig.  3  Incoherent  intensity  :  Comparison  with  microwave  experiments  (Beard  et  al.,  1965] 
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Earlier  results  for  electromagnetic  wave  propagation  in  discrete  random  media  assumed 
spherical  statistics  for  describing  the  spatial  distribution  of  even  nonspherical  scatterers.  The 
appropriate  pur  correlation  function  for  nonspherical  scatterers  can,  in  general,  be  obtained  by  • 
the  Monte  Carlo  method  which  is  essential  in  analysing  nonspherical  statistics.  This  paper 
presents  new  results  using  nonspherical  statistics  in  the  investigation  of  multiple 
electromagnetic  wave  scattering  by  aligned' dielectric  prolate  as  well  as  oblate  spheroids 
randomly  distributed  in  space.  Comparison  between  previous  results  using  spherical  statistics 
and  present  calculations  show  that  appro  aims  ting  the  spatial  distribution  of  nonspherical 
scatterers  using  spherical  satis  tics  wiU  yield  effective  medium  characteristics  that  differ  quite 
widely.  Of  all  approximations  using  spherical  sutistics  for  non-spherical  scatterers  that  using 
an  equal  volume  sphere  appears  to  be  the  best  if  the  actual  statistics  are  not  available.--1 


1.  INTRODUCTION 

In  many  radar  applications,  multiple  scattering  effects  cannot 
be  Ignored  [Ishimaru,  1978;  Oguchi,  1981;  Olsen,  1982].  In 
most  theoretical  investigation,  scatterers  are  assumed  to  be 
ipherical  in  shape  and  bear  a  uniform  size  distribution, 
although  this  may  not  be  practical  [Bring!  et  al.,  1983;  Mathur 
and  Yeh,  1964;  Twersky,  1978;  Varadan  et  al.,  1979,  1983]. 
When  the  volume  fraction  occupied  by  the  spheres  becomes 
large  enough  to  consider  their  relative  positions,  detailed 
knowledge  of  the  positional  distribution  of  the  scatterers  is 
needed.  This  entails  a  consideration  of  inter-body  forces  as  in 
the  many  body  problem  of  statistical  mechanics.  At  a 
minimum,  the  pair  correlation  function  is  required  in  analyzing 
the  problem.  In  nature,  unfortunately,  scatterers  are  not  simple 
in  shape  and  some  results  have  been  reported  for  nonspherical 
panicles  [Tseng.  1984;  Lang  et  al.,  1986;  Varadan  et  a!., 
1985].  However,  to  appropriately  model  the  real  situation, 
deviation  fro m  a  spherical  scatterer  still  keeping  the  rotational 
symmetry  of  the  scatterer  appears  to  be  an  Improvement  to  the 
previous  model  that  permit  us  to  study  the  shape  effect.  A 
simple  nonspherical  scatterer  happens  to  be  a  prolate  or  oblate 

Copyright  19*7  by  the  American  Geophysical  Union. 

Piper  number  7S0205. 

004I-4S04/S7/007S-020JJOS.OO 


spheroid .  The  scattering  response  of  a  single  spheroid  can  be 
simply  represented  by  the  T-matrix  [Varadan  and  Varadan, 
1980}.  If  the  concentration  of  the  spheroidal  scatterers  (in  this 
case,  lossless  dielectric  prolate(oblate)  spheroids )  happens  to  be 
small,  random  lattice  gas  statistics  can  apply,  otherwise  the 
spatial  distribution  of  these  nonspherical  scatterers  cannot  be 
described  by  spherical  sutistics.  The  reason,  which  is  quite 
obvious,  is  that  the  pair  correlation  function,  instead  of  being 
a  function  of  only  the  separation  distance  between  a  pair  of 
scatterers,  becomes  also  a  function  of  the  orienution  of  the 
vector  joining  the  twoTtonspherical  scatterers.  To  just  see  the 
shape  effect  and  distinguish  this  from  the  previous 
approximations  using  spherical  sutistics,  we  consider  only  the 
aligned  case.  Further  the  direction  of  wave  propagation  is 
restricted  to  be  along  the  rotational  axis  of  symmetjy  of  the 
aligned  spheroids.  We  emphasize  that  arbitrary  orienution 
(including  random  orienution)  of  nonspherical  scatterers  will 
not  cause  major  difficulties  in  the  theoretical  analysis  but  we 
leave  this  to  a  future  analysis. 

The  nonspherical  statistics  involved  in  the  analysis  is  the  pair 
correlation  function  for  aligned  spheroids.  It  is  well  known  that 
the  Monte  Carlo  simulation  method  haa  yielded  superior 
numerical  results  for  the  radial  distribution  function  of  densely 
distributed  hard  spheres  [Barker  and  Henderson,  1971],  with  the 
help  of  advanced  digital  computers.  Therefore,  in  this  paper,  we 
will  briefly  discuss  the  application  of  the  Monte  Carlo  method 
in  obtaining  the  pair  correlation  function  for  aligned  spheroids. 
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Fig.  1  Multiple  scattering  of  waves  in  discrete  random  media 
with  positionally  and  orientationally  correlated  nonspherical 
scanners. 


Finally,  computations  of  the  effective  attenuation  rate  using 
nonspherical  statistics  in  studying  electromagnetic  wave 
propagation  through  randomly  distributed  aligned  spheroids  are 
performed.  Comparison  between  previous  results  using 
spherical  statistics  and  present  calculations  show  that 
approximating  the  spatial  distribution  of  nonspherical  sea  Offers 
using  spherical  statistics  will  yield  effective  medium 
characteristics  that  differ  quite  widely.  Of  all  approximations 
using  spherical  statistics  for  non-spherical  scatterers  that  using 
an  equal  volume  sphere  appears  to  be  the  best  if  the  actual 
statistics  are  not  available. 

Z  MULTIPLE  SCATTERING  FORMULATION 

In  this  section,  the  average  field  in  the  random  medium  is 
written  as  a  partial  summation  of  a  multiple  scattering  series. 
By  Assuming  that  the  average  field  is  a  plane  wave  with  an 
effective  wave  number  K,  the  resulting  dispersion  equation  is 
solved.  The  formalism  is  general  and  applicable  to  any  types 
of  wave.  Only  the  most  important  details  that  lead  to  the 
dispersion  equation  involving  the  pair  correlation  are  presented 
and  for  all  intermediate  steps,  we  refer  the  reader  to  [Varadan  et 
al„  1979].  Vector  notation  is  dispensed  with,  but  the 
formalism  is  equally  applicable  to  acoustic  fields  satisfying  the 
scalar  Helmholtz  equation,  or  the  electromagnetic  field 
satisfying  the  vector  Helmholtz  equation. 

Let  the  medium  contain  N  aligned,  randomly  distributed 
spheroidal  scatterers  in  a  volume  V  such  that  N  V 


— *  ••  but  aQ  m  N/V  the  number  density  of  scatterers  is  finite, 
see  Figure  1.  Let  u,  u°,  uej,  u*j  be  respectively  the  total  field; 
the  incident  or  primary  plane,  harmonic  wave  of  frequency  to; 
the  field  incident  or  exciting  the  ith  scatterer,  and  the  field 
which  is  in  turn  scattered  by  the  ith  scatterer.  The  time 
dependence  exp(-icot)  of  all  fields  is  the  same  and  not  written 
explicitly. 

These  fields  are  defined  at  a  point  r  which  is  not  occupied  by 
one  of  the  scatterers.  In  general,  these  fields  or  potentials 
which  can  be  used  to  describe  them  satisfy  the  scalar  or 
vector  wave  equation.  Let  Re  f n  and  Ou  <n  denote  the  basis 
of  orthogonal  functions  which  are  eigenfunctions  of  the  vector 
Helmholtz  equation.  The  qualifiers  Re  and  Ou  denote  functions 
which  are  regular  at  the  origin  and  outgoing  at  infinity  which 
are,  respectively,  appropriate  for  expanding  the  field  which  is 
incident  on  a  scatterer  and  that  which  it  scatters  which  in  turn 
must  satisfy  outgoing  or  radiation  conditions.  Thus,  we  can 
write  the  following  set  of  self-consistent  equations: 

■  -  «°+  Ij.,  u*i  -  uei  +  u*j 

-  tt°+  2^  U*j  +  u*i  (1) 

u°(r)  -  f)  exp  (ikk0*  r)  a„*  Re  ♦„(r-ri)  (2) 

-  Zn  O^Re  ♦„(r-ri);  a<|r-r£|<2a  (3) 

»*  -  £nfniou  *n(r-ri);  I  r  -  rj  >  a  (4) 

where  and  fn*  are  unknown  expansion  coefficients.  We 
observe  u  (3>  and  (4)  that  a  is  the  radius  of  the  sphere  or 
cylinder  (for  two-dimensional  problems)  circumscribing  the 
scatterer  and  that  all  expansions  are  with  respect  to  a  coordinate 
origin  located  in  a  particular  scatterer. 

The  T-matrix  by  definition  simply  relates  the  expansion 
coefficients  of  uej  and  u*j  provided  uej  +  u*j  is  the  total  field 
which  is  consistent  with  the  definitions  in  (1).  Thus,  see 
Varadan  and  Varadan  [1980], 

fn‘  -  Zn,Tnn‘  an'‘  (*> 

and  the  following  addition  theorem  for  the  basis  functions  is 
invoked 

Ou  Vr-rj>-  In-«Jnn1<ri-rj,Re*nl(r-ri) 

Substituting  Eqs.  (2)  -  (6)  in  Eq.  (1),  and  using  the 
orthogonality  of  the  basis  functions  we  obtain 

<Xri  r  rj)  of  (7) 

This  is  a  set  of  coupled  algebraic  equations  for  the  exciting  field 
coefficients  which  can  be  iterated  and  leads  to  a  multiple 
scattering  series. 
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For  randomly  distributed  scatterers,  an  ensemble  average  can 
be  performed  on  Eq.  (7)  leading  to 

-a1  +  <  <j  (ri-rj)T*<aj>ij  >;  (8) 

when  angle  brackets  and  ijk _ denotes  a  conditional  average  and 

(8)  when  iterated  is  an  infinite  hierarchy  involving  higher  and 
higher  conditional  expectations  of  the  exciting  field 
coefficients.  In  actual  engineering  applications,  a  knowledge  of 
higher  order  correlation  functions  is  difficult  to  obtain,  and 
usually  the  hierarchy  is  truncated  so  that  at  most  only  the  two 
body  positional  correlation  function  is  required. 

To  achieve  this  simplification  the  quasi-crystalline 
approximation  (QCA),  first  introduced  by  Lax  [1952]  is 
invoked,  which  is  stated  as 

<Coi>jj  35  <ai>j  (9) 

Then,  (8)  simplifies  to 

a(rprj  )Ti  <  >j  > ,  (10) 

in  integral  equation  for  i  which  in  principle  can  be 

solved.  We  observe  that  the  ensemble  average  in  (10)  only 
requires  P(r:|rj),  the  joint  probability  distribution  function.  In 
particular,  the  homogeneous  solution  of  (10)  leads  to  a 
dispersion  equation  for  the  effective  medium  in  the 
quasi-crystalline  approximation.  Defining  the  spatial  Fourier 
transform  of  <Cct1J>i  as 

<a‘>i  -  J  eiK*ri  X^KjdK  (11) 

and  substituting  in  (10),  we  obtain  for  the  homogeneous 
solution 

X*  (K)-!^/  o(rj-rj)  Ti  p(rjlrj) 

x  e*K  •  (rj  -  rj)  jj,  xj(K)  (12) 

If  the  scatterers  are  identical 

X  '  (  K  )  -  XJ(K)  -  X  ( K  )  (13) 

and  thus  for  a  nontrivial  solution  to  we  require 


POrjirj) 


<0:  1  i-ji<  * 

(  g(  I  Tj  -  rj  |  )  /  V  ;  I  Tj  -  fj  |  >  2a 


(15) 


where  we  have  assumed  that  the  scatterers  are  impenetrable  with 
a  minimum  separation  between  the  centers,  and  in  (15),  2a 
could  be  the  diameter  of  the  circumscribing  sphere  in 
three-dimensional  and  circle  in  two-dimensional,  or  2a  could  be 
the  diameter  of  a  sphere  of  equal  volume.  Equation  (15)  is  the 
one  that  has  been  used  in  previous  calculations  for  nonsphencal 
scatterers  and  hence  this  equation  leads  to  the  use  of  spherical 
statistics  for  nonspherical  scatterers.  We  observe  that  in  (15), 
the  joint  probability  distribution  depends  only  on  the 
interparticle  distance  and  not  on  the  orientation  of  the  vector 
joining  the  centers  and  the  function  g(  |  rj-  r:  | )  is  called  the 
radial  distribution  function. 

If  the  concentration  of  nonspherical  particles  is  not  small, 
then  it  is  incorrect  or  at  best  approximate  to  assume  that 
isotropic  statistics  are  valid.  In  this  case  we  assume  that  the 
radial  distribution  function  depends  not  just  on  the  magnitude 
of  the  vector  joining  the  centers  of  two  spheroids  but  also  on 
the  orientation  of  this  vector.  For  aligned  spheroids  which  are 
nationally  symmetric,  the  dependence  is  only  on  the  angle  6 
between  the  separation  vector  and  the  symmetry  axis  which  is 
taken  to  be  the  z  axis  of  the  coordinate  system,  as  shown  in 
Figure  1.  There  is  no  dependence  on  the  azimuthal  angle  <j>. 
The  joint  probability  distribution  function  is  then  written  as 


(.Gfr.ei/VMrj-rjl  >  R(0) 


06) 


In  the  above  equation,  G  (r,  0)  is  the  pair  correlation  function 
for  aligned  spheroidal  scatteren  (details  in  the  next  section), 
and  R(8)  is  the  minimum  center  to  center  distance  when  the 
spheroids  just  touch  one  another  at  one  point,  such  that  the  tine 
joining  their  centers  subtends  an  angle  0  with  the  symmetry  or 
z-axis  of  the  spheroids.  In  this  case  the  statistics  are  not 
isotropic  but  are  a  function  of  direction. 

If  (16)  is  substituted  in  (14),  we  get  the  following  integral 
involving  the  pair  distribution  function  when  the  explicit  form 
of  the  translation  matrix  is  substituted  and  exp  ( i  K»  ( r  nr  )) 
is  written  as  an  expansion  in  regular  wave  functions  [Bring!1  et 
al.,  1981] 


[JHjJ  -  2rcn0  (  2X  +  1  )  JQ  sin  0  d8  x 


(17) 


I  I  -  ij  0(rj  -  r:)Tlp  (rjlrj)  elK  *  (ri  ~  rj)  dr:  |  -  0  (14) 

j*i  ‘  1 

la  (12)  and  (14),  P(rj|rj)  is  the  joint  probability  distribution 
function.  For  isotropic  or  spherical  statistics. 


R(0?  ^  ^  ^  hX.(kr>  cos® )  cos®  )f^dr 

where  PjJcos  0)  is  the  Legendre  polynomials  and  j^  and  are 
the  spherical  Bessel  and  Hankel  functions,  respectively.  We 
note  that  the  lower  limit  of  the  integration  on  the  r-  variable 
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Fig.  2  The  equal  volume  sphere  and  the  circumscribing  sphere  assumption. 


depends  on  the  angle  0.  This  double  integral  must  hence  be 
performed  numerically.  If  isotropic  statistics  are  used  on  the 
other  hand,  i.e.,  (15)  is  substituted  in  (14)  and  as  in  (17)  the 
explicit  form  of  the  translation  theorem  is  used,  then  (17) 
sit  •iftes  to 

[JHX]  -  6c[2kajx(2Ka)  h'x(2ka)  -  (18) 

2Ka  j'x  (2Ka)  hx(2ka)  ]  /  {  (lea)2  -  (Ka)2  } 

+  24c  \  [g(x)  -1)  jx  (2Kax)  hx(2kax)  x2  dx 


Equation  (18)  is  actually  a  special  case  of  (17)  and  c  is  the 
concentration  (c-4tta^n0  /3)  or  volume  fraction  occupied  by  the 
scatterers  and  a  is  the  radius  of  a  sphere  of  volume  equal  to  the 
scatterer.  -  The  prime  denotes  derivatives  with  respect  to  the 
argument  of  the  Bessel  and  Hankel  functions.  The  first  term  in 
(18)  is  usually  referred  to  as  the  "hole  correction*  term.  This 
only  takes  into  effect  that  the  scatterers  cannot  penetrate  one 
another  and  does  not  take  into  account  positional  correlations. 
We  further  notice  that  the  integral  in  (18)  is  only  in  one 
variable  unlike  (17)  which  contains  a  nested  double  integral. 
The  "hole  correction*  appears  in  analytical  form  in  (18),  since 


90,  2a 
45° 


0*015,  b/a  ®  15 


G(R,0) 


Fig.  3  Pair  distribution  function  for  random  prolate  spheroidi  using  Monte  Carlo  simulation. 
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Fig.  4  Attenuation  vs.  nondimensional  wave  number  using 
different  statistics,  and  comparison  with  single  scattering 
approximation  for  prolate  spheroids  of  aspect  ratio  b/a  -  1.5 
and  concentration  of  5%. 

the  excluded  volume  is  a  sphere  of  radius  2a,  where  a  is  the 
radius  of  the  equal  volume  sphere.  In  (17),  it  is  difficult  to 
separate  the  "hole  correction"  term  since  that  must  also  be  done 
numerically. 

Equation  (14)  is  a  determinantal  equation,  the  roots  of  which 
can  be  solved  for  numerically  to  yield  the  values  of  the  effective 
wave  number  K  -  Kj  +  ilCj  as  a  function  of  the  frequency  via 
k  •  d)/c,  the  shape,  size  and  orientation  of  the  scatterer  via  the 
T-nutrix,  and  the  statistics  of  the  distribution  via  the  joint 
probability  distribution  function.  The  effective  wave  number 
which  describes  wave  propagation  characteristics  in  the 
composite  medium. 

The  details  of  numerically  simulating  the  pair  correlation 
function  for  spheroids  is  outlined  in  the  next  section. 

3.  THE  PAIR  CORRELATION  FUNCTION 
FOR  ALIGNED  SPHEROIDS 

The  pair  correlation  function  for  aligned  spheroidal  particles 
can  be  expanded  in  Legendre  polynomials  as 

C(r,0  )  -  g(r)  Pj  (  cos  9  )  (19) 

where  the  coefficients  g(r)  depend  only  on  the  distance  between 
particles  (see  Figure  1).  The  coefficients  g(r)  can  be  evaluated 


during  the  Monte  Carlo  simulation  by  using  the  orthogonal  uy 
of  the  Legendre  polynomials  and  (18)  can  be  inverted  to  give 
[Streett  and  Tildesley,  19761 

g/(r)  -  (21  +  l)<P/(cos  9  )>jheU  /  n0V(r.  Ar )  (20) 

where  <  >  is  the  average  for  all  particles  in  the  spherical  shell 
with  radius  r  to  r  ♦  Ar  of  volume  V(r.  Ar ). 

The  Monte  Carlo  method  in  statistical  mechanics  refers  to  a 
computational  scheme  for  estimating  averages  of  the  following 
form 

<f>  -  JQ  f(X)P(X)dX  /  JQP(X)dX  (21) 

where  X  -  (r  j,  r2,  rjM_„  rn)  with  r:  the  position  vector  of 
the  ith  particle  and  f(X)  is  any  well-behaved  function  of  X  and 
P(X)  is  a  probability  density  function  of  X  and  for  hard  bodies 
has  the  form 

P(X)  -  exp{-  pU(X)},  P-1/kT  (22) 

where  U(X)  is  the  potential  energy  of  the  system  and  k  is  the 
Boltzmann  constant. 

Furthermore,  the  Monte  Carlo  method  in  its  basic  form 
consists  of  defining  and  realizing  a  Markov  process  in  X  space, 
which  is  the  configuration  space  in  this  case.  Chain  averages 
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Fig.  5  Same  is  Figure  4  but  for  prolate  spheroids  of  aspect 
ratio  b/a  -  2. 
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Fig.  6  Same  as  Figure  4  but  for  a  concentration  of  15%. 

are  evaluated  based  on  whether  the  required  probability  appeared 
in  different  configurations.  Readers  are  encouraged  to  go 
through  the  work  of  either  Metropolis  et  al  [1953]  or  Wood 
[1968]  for  details.  For  a  system  of  hard  particles,  the  required 
probability  in  accepting  the  configurations  consists  of  simply 
checking  the  overlap  criterion.  Overlap  is  decided  by  checking 
whether  the  center  to  center  distance  for  a  pair  of  spheroids  is 
less  than  d  which  ij  defined  by 

d  -  2b  [  1  -  cos2e  +  cos2!)  /  q2  ]— 1/2  /  q  (23) 

where  q  is  the  aspect  ratio  of  the  spheroid  such  that  q  >1  for 
prolate  and  q  <1  for  oblate  spheroids  and  b  is  half  the  length 
of  the  axis  of  symmetry  for  the  spheroid  (see  Figure  1). 

4.  RESULTS  AND  DISCUSSION 

The  imaginary  part  Kj  of  the  effective  wave  number  K, 
which  is  related  to  the  attenuation  in  the  effective  medium,  can 
be  obtained  by  solving  the  dispersion  equation  in  (17).  In  order 
to  judge  the  effects  of  the  pair  correlation  function,  results 
based  on  calculations  for  spheroids  using  spherical  statistics 
are  also  presented,  i.e.,  using  (18).  In  one  calculation  it  is 
assumed  that  the  relative  position  of  a  pair  of  spheroids  can  be 
approximated  by  that  for  a  pair  of  spheres,  each  of  which  has 
the  same  volume  as  the  spheroid  (we  call  this  the  equivalent 
volume  assumption).  The  other  calculation  employs  the 


approximation  that  the  relative  position  of  a  pair  of  spheroids 
may  be  replaced  by  that  for  a  pair  of  spheres  which 
circumscribe  the  spheroids  (we  call  this  the  circumscribing 
sphere  assumption).  These  two  assumptions  are  explained 
graphically  in  Figure  2.  Some  representative  plots  of  the  pan 
correlation  function  G(R,0)  is  plotted  as  a  function  of  the 
interspheroid  distance  for  various  angles  for  prolate  spheroids 
of  aspect  ratio  lJua  concentration  of  15%  in  Figure  3.  in 
Figure  4,  the  equivalent  volume  spherical  statistics  and  the 
circumscribing  sphere  statistics  are  compared  with  the 
spheroidal  statistics  for  an  aspect  ratio  of  1.5  at  a  concentration 
of  5%.  We  note  that  the  circumscribing  sphere  statistics  are 
limited  to  very  low  volume  fractions  at  high  or  low  aspect 
ratios  because  the  circumscribing  spheres  begin  to  overlap  even 
at  low  spheroid  concentrations. 

In  Figure  4,  the  attenuation  which  is  normalized  with  respect 
to  k,  i.e.  (K2  /  k)  is  plotted  against  the  nondimensional 
frequency  kb  for  prolate  spheroids  with  an  aspect  ratio  1.5  and 
5%  concentration.  If  we  do  not  consider  the  pair  correlation  at 
all,  i.e.,  the  calculation  done  using  single  scattering  theory,  one 
sees  that  the  results  give  much  higher  attenuation  than  all  other 
cases  and  this  has  been  observed  for  all  the  computations. 
Although  the  circumscribing  sphere  assumption  predicts  lower 
attenuation,  for  such  a  moderate  concentration,  the  equivalent 
volume  assumption  produces  relatively  good  results  when 
.  compared  with  the  attenuation  using  the  Monte  Carlo  method. 
This  is  also  true  for  prolate  spheroids  of  aspect  ratio  2  which 
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Fig.  7  Same  ax  Figure  4  bul  for  b/a  -  2  and  concentration  of 
15%. 
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Fig.  8  Same  as  Figure  4  but  for  oblate  spheroids  with  b/a  - 
0.5  and  concentration  of  15%. 
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Fig.  9  Same  as  Figure  4  but  for  oblate  spheroids  of  aspect 
ratio  b/a  -  0.67  and  concentration  of  15%. 


can  be  seen  in  Figure  5.  However,  when  the  concentration  is 
increased  to  15%,  even  the  equivalent  volume  assumption  fails 
to  correctly  predict  the  attenuation  and  ,  in  general,  it 
overpredicts  the  attenuation.  These  can  be  observed  in  Figures  6 
and  7. 

For  oblate  spheroids,  the  attenuation  is  similar  to  that  for  the 
prolate  spheroids  when  the  concentration  is  low.  Two  sets  of 
calculation  for  aspect  ratios  0.5  and  0.67  are  presented  as  in 
Figures  8  and  9  for  15%  concentration.  At  such  a  high 
concentration,  for  both  aspect  ratios,  we  find  that  the 
circumscribing  sphere  assumption  predicts  the  attenuation  quite 
well  in  the  low  frequency  range  while  the  equivalent  volume 
assumption  yields  better  results  when  the  frequency  is 
increased.  However,  both  approximations  cannot  be  compared 
with  the  Monte  Carlo  method  in  a  certain  band  width  when  the 
concentration  is  high. 

In  conclusion,  we  would  like  to  emphasize  the  importance  of 
using  nonspherical  statistics  in  analyzing  the  scattering  from 
densely  distributed  nonspherical  scatteren.  The  approximations 
made  for  the  spatial  distribution  of  nonspherical  scatteren  can 
produce  results  which  either  over  or  under-estimate  the  effective 
properties  which,  in  this  case,  is  the  attenuation  of  the  effective 
medium.  The  effective  phase  velocity  which  is  a  relatively 
slowly  varying  function  of  frequency  and  concentration  is 
insensitive  to  the  differences  between  nonspherical  statistics  and 
the  equal  volume  spherical  statistics.  Hence  the  phase  velocity 
plots  have  not  been  included  here. 
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The  present  paper  aims  at  a  computational  scheme  to  obtain  numerical  results  for  the  second  moment  (average 
intensity)  of  a  wave  field  propagating  in  a  medium  consisting  of  randomly  distributed  scatterers,  not  necessarily 
simple  in  shape.  A  formalism  is  presented  that  parallells  the  diagram  method  and  shows  the  approximations  made  in 
the  intensity  computation  of  anisotropic  scattering  whenever  finite  size  scatterers  with  a  considerable  concentration 
are  considered.  The  back  and  forth  scattering  between  a  pair  of  scatterers,  which  has  been  neglected  in  the  ladder 
approximation,  automatically  appears  in  our  formalism  taking  into  account  all  the  multiple  scattering  between  two 
particles  through  the  pair  statistics.  Sample  numerical  results  for  average  intensity  scattered  by  particles  are  presented 
and  compared  with  some  microwave  and  optical  measurements. 

I.  Introduction 

Scattering  of  waves  from  random  distribution  of  objects  has  received  attention  ever  since 
Rayleigh’s  pioneering  work  in  explaining  the  color  of  the  sky.1  The  statistical  moments  of  a  wave 
propagating  in  a  random  medium  arc  of  great  interest  for  use  in  communication,  probing  and 
remote  sensing.  Numerous  papers  have  reported  a  study  of  moment  equations  of  various  kinds 
(acoustic,  electromagnetic  and  elastic)  for  waves  in  both  continuous  and  discrete  random  media.  As 
a  result,  it  has  been  shown  that  the  first  moment  called  the  coherent  field  satisfies  a  Dyson-type 
equation, ^  whereas  the  second  moment  or  intensity  satisfies  a  Bethe-Salpeter  type  equation. 

In  spite  of  the  abundant  literature  on  wave  propagation  in  continuous  random  media,  an 
uneven  progress  still  exists  in  scattering  from  dense  distributions  of  scatterers  which  has  an 
increasing  application  in  lidar,  radar,  and  sonar  remote  sensing.  The  present  paper  aims  at  a 
computational  scheme  to  obtain  numerical  results  for  the  second  moment  (average  intensity)  of  a 
wave  field  propagating  in  a  medium  consisting  of  randomly  distributed  scatterers,  not  necessarily 
simple  in  shape.  In  a  previous  paper^  this  has  been  shown  with  the  help  of  Feynman  diagrams.^ 
however,  formal  derivations  and  a  detailed  expression  of  the  average  intensity  in  terms  of  the 
T-matrix,  dressed  propagators  and  pair  correlation  function  were  not  given.  The  formalism 
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presented  here  paralleUs  the  diagram  method  and  shows  the  approximations  made  in  the  intensity 
computation  of  anisotropic  scattering  whenever  finite  size  scatterers  with  a  considerable 
concentration  are  considered. 

Unlike  diffusion  theory,^  which  treats  mainly  isotropic  scattering  for  point  scatterers  and 
large  scatterers  embedded  in  a  medium  with  a  large  optical  distance,  our  concern  is  the  range 
between  those  extremes  where  the  validity  of  the  diffusion  approximation  is  fairly  limited.  In 
addition,  the  recently  observed  enhanced  backscattering  phenomenon^  appears  to  be  a  result  of 
multiple  scattering  which  cannot  be  explained  by  radiative-transfer  theory  in  which  the  average 
intensity  is  treated  in  a  way  analogous  to  the  ladder  approximation  of  the  Bethe-Salpeter  equation. 
In  the  formal  derivation  of  the  second  moment  equation  based  on  Twersky's  previous  work,^  we 
clearly  show  different  orders  of  scattering  which  involve  different  orders  of  statistics  and  the 
approximation  made  in  order  to  implement  the  computation  using  the  ladder  diagram.  The  cyclic 
diagrams  which  involve  back  and  forth  scattering  between  a  pair  of  scatterers  was  introduced  in  an 
ad  hoc  manner  to  explain  the  enhanced  backscattering,1®  and  is  neglected  in  the  ladder 
approximation.  In  the  derivation  presented  here,  it  appears  automatically  and  takes  into  account  all 
multiple  scattering  between  two  particles  through  the  pair  statistics.  This  is  essential  for  high 
concentrations  of  scatterers,  since  in  this  case  their  positions  are  not  totally  random  but  there  is 
partial  order.  The  observation  that  back  and  forth  scattering  may  have  a  major  contribution  to 
backscattering  rather  than  the  forward  direction  has  also  been  made  in  one  of  our  previous 
papers1  ^ 

In  our  formalism,  shape  factor,  size  distribution,  orientation  distribution  and  physical 
properties  of  scatterers  can  all  be  considered,  however,  till  now,  the  most  reliable  calculations  are 
performed  for  scatterers  with  rotational  symmetry.  ^,13  qy,e  reason  partly  that  the  intensity 
equation  which  best  predicts  the  scattering  characteristics  beyond  some  threshold  concentrations 
(when  deviations  from  the  single  scattering  approximation  become  prominent)  requires  information 
about  the  pair  correlation  function  which  is  available  at  the  present  time  only  for  simple  shaped 
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scatterers  which  are  aligned.  Sample  numerical  results  for  the  average  intensity  scattered  by  such 
particles  are  presented  and  compared  with  available  microwave  and  optical  measurements. 

II.  Multiple  Scattering  Formulation  for  the  Intensity 

For  the  scattering  of  waves  by  N,  not  necessarily  identical,  scatterers  located  at  ri,  ri, . . 
rj^,  we  represent  the  total  field  outside  the  scatterer  by 

U(r)  =  u0(r)  +  Z  m  (r  -  r).  (1) 

j-l  J  J 

where  uQ  is  the  incident  wave  field  and  uj  the  field  scattered  from  the  j-th  scatterer.  If  the  scatterers 
are  randomly  distributed  in  space,  the  total  field  can  be  divided  into  two  parts  and  expressed  as 
U(r)  =  <  U(r)  >  +  v  .  (la) 

We  call  <  U(r)  >  or  <  U  >  the  average  or  coherent  field  and  v  the  fluctuation  or  incoherent  field. 
The  angular  brackets  <  >  represent  the  configuration  or  ensemble  average  whose  definition  is  well 
known.. 

Similarly,  we  average  the  "intensity"  (or  the  second  moment  of  the.field)  |U|2  over  the 
ensemble,  and  write  the  "average  total  intensity"  as 
<  |U|2  >  =  |<U>|2  +  <|v|2> 

=  I  <  U  >  |2  +  V  (2) 

where  |  <  U  >  |2  is  the  coherent  intensity  and  can  be  determined  if  the  average  field  <  U  >  is 
known.  However,  the  incoherent  intensity  V  which  is  the  ensemble  average  of  the  absolute  square 
of  the  field  fluctuation  is  not  a  directly  obtainable  quantity.  By  the  use  of  Eq.  (1)  and  some 
operation  rules  for  the  configuration  average,  the  incoherent  intensity  V  in  Eq.  (2)  can  be  written  as 


'>/VV  *V/v'  4, 

V  =  Z  <  |U;|  >  +  ZZ  <  UvU:  >  -  ZZ  <  Ui_  >  <  U:  > 

J- /  J  k'ly-i  K  J  >/  K  j 


where  the  superscript  represents  the  complex,  conjugate  of  the  attached  quantity.  Eq.  (3)  is  a 
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finite  sum,  though  "N",  the  number  of  scatterers,  can  be  fairly  large.  The  computation  of  V 
becomes  impractical  even  for  a  moderate  N  and  in  most  cases  impossible.  In  terms  of  an 
appropriate  probability  distribution  function  and  the  conditional  configuration  average,  Eq.  (3)  can 
be  expressed  in  the  following  integral  form 
v  =  n0I  <lujl2>jdrj 

+  nQ2  jj  <  ukuj*  >jk  g(rjk)  drk  drj 

-  no2  <  uk  >k  <  uj*  >j  drk  drj  (4) 

where  nQ  is  the  number  density  (  nQ=  N/V ),  <  >j  and  <  >jk  are  conditional  configuration 

averages  holding  the  positions  of  the  j-th  and  both  the  j-th  and  k-th  scatterers  fixed,  and  g(ijj.)  is 
the  pair  correlation  function  which  is  called  the  radial  distribution  function  for  the  case  of  spherical 
scatterers.  Equation  (4)  is  an  exact  expression  for  the  incoherent  intensity  V.  Even  if  the  the  number 
density  and  pair  statistics  are  known,  unless  the  conditional  averages  appearing  in  the  integrand  are 
known  the  integral  cannot  be  evaluated.  We  also  note  that  this  expression  can  be  used  to  calculate 
the  intensity  of  the  field  scattered  by  a  random  rough  surface  provided  the  integration  variables  rj, 
ij,  rk  etc  are  confined  to  the  rough  surfacd. 14 

For  regular  distributions,  i.e.,  scatterer  at  fixed  positions,  there  is  no  incoherent  scattering  (V 
=  0)  due  to  the  fact  that  the  averaging  process  is  not  required.  If  the  scatterer  locations  are  random 
and  independent  of  one  another,  only  the  first  term  on  the  RHS  of  Eq.  (4)  remains.  This  is  the 
single  scattering  approximation  to  the  intensity.  Otherwise,  in  addition  to  incoherent  single 
scattering,  a  relatively  coherent  intensity  appears  as  the  contribution  of  the  second  term  grows.  As 
the  concentration  of  scatterers  increases  a  local  order  is  introduced  in  the  near  field  of  the  scatterers 
since  the  particles  can  only  be  packed  in  a  limited  number  of  ways.  In  order  to  proceed  further  with 
the  computation  of  the  incoherent  intensity  as  stated  in  Eq.  (4),  we  need  expressions  for  <Uj>j; 
<|ujr>;  and  <ukuj  >.  The  Distorted  Bom  Approximation  which  is  discussed  next  avoids  further 
analysis  by  making  straight  forward  approximations  to  the  first  two  terms  of  Eq.  (4). 
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III.  Distorted  Born  Approximation  (  DBA  ) 

In  order  to  calculate  the  incoherent  intensity  V  from  Eq.  (4)  an  approximation  needs  to  be 
made  for  <  |uj|2  >j  as  well  as  for  <  ukuj*  >jk ,  which  are  both  unknown.  If  we  consider  only  first 
order  scattering,  we  can  use  the  distorted  Bom  approximation  as  follows: 

<  ukuj*  >jk  s  <  uk  >k<  uj*  >j  •  (5) 

This  approximation  was  used  by  Twersky  ^  in  solving  the  rough  surface  scattering  problems  and 

has  subsequently  been  used  by  several  other  authors.  Using  Eq.  (5),  in  the  distorted  Bom 
approximation,  Eq.  (4)  can  thus  be  written  as 
V  =  n0  J  <  uj  >  j<  uj*  >j  drj 

+  nQ2  JJ  <  uk  >k  <  uj*  >j  [  g(rjk)  -  1  ]  drk  drj .  (6) 

Equation  (6)  represents  the  incoherent  intensity  in  the  DBA.  Its  source  is  the  coherent  field, 
<uj>j  Later  we  show  that  the  average  scattered  field  <  Uj  >j  is  related  to  the  average  exciting  field 
when  we  neglect  the  field  fluctuations  in  the  field  exciting  a  scatterer.  Equation  (6)  tells  us  that  the 
second  term  has  a  contribution  to  the  intensity  whenever  the  i-th  and  j-th  scatterers  are  close  to  each 
other  (position  dependence),  otherwise  the  contribution  can  be  neglected  (for  small  concentration, 
g(rjk)  *  1).  Equation  (6)  is  a  deterministic  equation  since  only  the  average  exciting  field  is  involved 
and  the  calculation  is  straight  forward  for  spherical  scatterers,  by  using  tabulated  values  of  the  pair 
correlation  function.  However,  attention  should  be  paid  to  the  implementation  of  the  equation  since 
the  integrals  in  Eq.  (6)  depend  upon  the  receiver  position  through  <uj>j.  For  line-of-sight 
propagation,  the  receiver  can  be  piaced  either  in  the  scattering  medium  or  outside  the  medium  and 
the  axis  of  the  receiver  may  not  be  parallel  to  the  propagation  direction  (see  Fig.  1).  Furthermore,  in 
order  to  compare  with  real  measurements,  the  calculated  incoherent  intensity,  must  take  into 
account  the  characteristics  of  the  transmitter  and  the  receiver  and  the  spreading  factor.  In  other 
words,  the  beam  patterns  of  the  transmitter  and  the  receiver,  especially  for  off-forward  scattering, 
must  be  built  into  the  equation  which  makes  the  calculation  a  little  more  complicated.  ^ 

In  general,  using  the  distorted  Bom  approximation, the  incoherent  intensity  in  the  far  field  is 
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directly  proportional  to: 

V  oc  {  IQ  |  A  |2n0/(kr)2  }  [  1+  nj  [  g(x)  -  1  ]  exp(i  q»x  )  dx  ]  (6a) 

where  IQ  is  the  incident  wave  intensity,  |Aj  the  modified  bistatic  scattering  amplitude  (by  this  we 
refer  to  the  scattered  amplitude  when  the  excitation  is  the  coherent  field),  g(x)  is  the  pair  correlation 
function,  x  =  rj  -  r^,  and  q  =  Kk0  -  kr;  where  K  is  the  effective  wavenumber,  kQ  the  unit  vector 
along  the  incident  wave  direction,  k  the  wavenumber  of  the  host  medium,  r  the  unit  vector  in  the 
direction  of  observation. 

In  the  integral  of  Eq.  (6a),  we  find  that  if  the  concentration  of  scatterers  is  small,  the  pair 
correlation  function  g(x)  is  independent  of  x  and  equals  unity,  therefore  the  second  term  on  the 
RHS  of  Eq.  (6a)  simply  vanishes  and  only  single  scattering  terms  remain.  If  g(x)  *  1,  the 
incoherent  intensity  is  comprised  of  single  scattering  contributions  from  each  scatterer  plus  multiple 
scattering  effects.  Only  if  nQ  =  0,  i.e.  no  scatterers  are  present  in  the  medium,  the  incoherent 
intensity  V  is  zero  and  the  total  intensity  is  just  the  incident  wave  intensity  if  the  medium  itself  is 
lossless. 

The  other  extreme  is  when  the  whole  medium  is  occupied  by  scatterers,  the  incoherent 
intensity  again  vanishes.  This  implies  that  one  composite  medium  (two  phase  medium)  has  been 
converted  to  a  single  phase  homogeneous  medium,  therefore  no  scattering  occurs.  This  can  be  most 
easily  explained  by  considering  the  low  frequency  limit,  i.e  q»x  «  1  .  In  this  case, 
exp(iq«x  )  «  1  and  1  +  nQ  j  [g(x)  -  l]dx  =  (1  -  c)4  /  (1  +  2c)^ 
which  is  the  statistical-mechanics  packing  factor  for  spherical  scatterers  distributed  in  three 
dimensional  space.  The  volume  fraction  c  (=  n04^a^/3  for  spherical  scatterers  with  radii  a)  is  unity 
and  the  structure  factor  vanishes  so  does  the  incoherent  intensity.  When  the  volume  fraction  is 
between  0  and  1,  the  incoherent  intensity  is  proportional  to  c(l  -  c)4/(l  +  2c)^,  in  the  long 
wavelength  limit. 

A.  The  Coherent  or  Average  Scattered  Field  <  u  > 

To  compute  the  intensity  in  the  DBA,  or  to  proceed  further  with  the  analysis  of  Eq.  (4),  we 
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need  an  expression  for  the  coherent  field.  For  a  single  scatterer,  the  scattered  field  from  the  j-th 
scatterer  can  be  expressed  as 

uj-sy-iy  (7) 

where  fnJ  are  the  scattered  field  coefficients  and  'Fn-i  the  outgoing  functions  (Hankel  functions). 
The  scattered  field  coefficients  fn-l  and  the  exciting  field  coefficients  are  related  through  the  T 
matrix 

V-nJv.  w 

Substituting  Eq.  (8)  into  Eq.  (7)  and  taking  the  conditional  configuration  average,  we  have 

<„>j  =SI<TnnjonJ'i'ni>j.  <9> 

Further,  to  simplify  the  computation,  we  assume  the  shape,  size,  and  physical  properties  of  all  the 
scatterers  are  independent  of  their  positions.  In  such  a  case,  Eq.  (9)  can  be  written  as 

<  u  >j  =2  lTnnJ  <  .  (10) 

where  the  exciting  field  coefficients  of  the  j-th  scatterer  can  be  shown  to  be-’ 

anj  =  ani  +  IIIann<rk-rj)Tn.n..\.X  (11) 

In  Eq.(ll),  anJ  are  the  incident  field  coefficients  of  the  j-th  scatterer  and  ann-  is  the 
translation  matrix  for  spherical  wave  functions.  Although  o^J  are,  in  general,  unknown  for  a 
random  distribution  of  scatterers,  their  conditional  average  <  anJ  >j  (average  exciting  field 
coefficients  of  the  j-th  scatterer  whose  position  is  fixed)  are  assumed  to  have  the  following  form3 

<  otjjJ  >j  =  Xn  exp  ( i  Kk0Tj )  (12) 

which  states  that  for  an  incident  plane  wave  field,  the  average  exciting  field  propagates  with  a  new 
propagation  constant  K  along  the  incident  wave  direction  kQ.  The  above  form  results  directly  as  a 
result  of  the  assumption  that  the  average  medium  is  a  statistically  homogenous  medium  described 
by  different  properties  but  that  preserves  the  plane  wave  nature  of  the  original  incident  plane  wave. 
The  new  propagation  constant  K  is  complex  and  frequency  dependent  and  can  be  obtained  by 
solving  the  following  dispersion  equation3 

<  V  >j  =  «nj  +  2  1  S  no  f  <Wrk  -  rj)Tn’n"k  gCrjk>  <  “n"*  >k  drk  (13) 
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in  which  the  Quasi-crystalline  approximation  (QCA),18  i.e., 


<  ctnk  ^'k  -  <  ank  >k 


(14) 


has  been  introduced. 

IV.  Improvements  to  the  Distorted  Born  Approximation 

We  can  now  proceed  with  further  evaluation  of  the  first  and  second  terms  of  Eq.  (4)  which 
involve  cujuj*  >j  and  <  u^uj*  >jj..  These  are,  respectively,  the  ensemble  average  of  the  intensity 
of  the  field  scattered  by  one  scatterer  in  the  presence  of  other  scatterers  and  the  correlation  of  the 
fields  scattered  by  two  distinct  scatterers.  These  can  also  be  expressed  in  terms  of  the  T-matrix, 
exciting  field  coefficients  and  outgoing  functions,  as  follows: 

<  Tj*  >j  =  I  1 1 1  TnnJ  Tn.„..J  *  <  V  <vj*  >j  V#*  V*.  (15) 

<  «kuj*  =-jk  =  Z  1 1  STnn"k  Tn'n"j  *  <  an"k  <%"■’*  >jk  '*nk  'V*-  <16) 

If  we  do  not  use  the  distorted  Bom  approximation  and  instead  Eq.  (11)  is  substituted  into 


Eqs.  (15)  and  (16)  for  0^  and  for  simplicity  all  the  obvious  subscripts  are  omitted  to  obtain 

•<  aJ  aJ*  >  =  <  (  a)  +  Z'  a:k  Tk  ak )  (  a*  +  Z’  a:m  Tm  am  )*  > 

A*/  J  m.i 

m*j 


**) 


=  ai  ai*  +  ai  [<  cxJ*  >  -  ai*]  +  ai*  [<  oJ  >  -  ai] 
+  1  Z  Cjjj  T^  Ojm*Tm*  <  am  *>  . 


(17) 


Therefore, 


<  oeJ  aT  >j  =  aJ  <  aJm  >j  +  al*  <  od  -  ai  ai* 


+  ?  ^  Cjk  Tk  ajk*Tk*  <  «k  ak*>jk  P(  rj  l  rk  >  drk 


+  a*  m  ^  ^  <  “k  am*>jkm  P(  rj  l  rk,rm  )  drk  drm  ( 1 8> 


We  are  now  ready  to  proceed  with  a  similar  evaluation  of  <  u^uj*  >jjc.  Using  Eq.  (1 1),  we 


can  wnte 


J^A^kyCkJCttJCkJ 


J  / 
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<  cd*  >:u  =  <  (  +  E'  Cu-.  TP  aP  )  (  ai  +  E’  a;m  Tm  am  )*  >: 


P*K 


jm 


=  a^  ai*  +  a^  [<  oJ*  >jk  -  aJ*]  +  a)*  [<  -  aJ] 

+  EE'ctp  TPcjjm*Tm*  <  aP  am  *>jk  (19) 

where  the  last  term  can  be  further  expressed  as  the  sum  of  the  following 

Z2°kp^jm^*<<*^V  "  °kj  fljk*Ti  1**  <ai  «k*  >jk 
+  E I  akp  ajp*TP  TP*  <  otPaP*  >jkp  p(rk,rj ;  rp)drp 

+  1  f  ckj  ajp*Tj  TP*  <  >jkp  P^rk*rj ;  rp)  drp 
+  1  ^kpajk*TPTk*<^ak*>jkpP(rk>rj;rp)drp 

+  ^  f  f  akp  °jm  Tm  <  >jkpm  P(rk,rj  ;  rp’rm^  drpdrnr  (20) 

Equations  (18)  and  (20)  can  be  substituted  into  Eqs.  (15)  and  (16)  and  finally  into  Eq.  (4)  to  yield 
an  expression  for  the  incoherent  intensity  which  can  be  evaluated  in  principle  provided  complete 
statistics  are  known.  It  can  be  seen  that  Eqs.  (18)  and  (20)  involve  correlation  functions  of  all 
orders.  In  practice,  this  is  not  known  for  any  system  unless  approximations  are  made  for  the 
correlation  functions  or  the  statistics  are  Gaussian.  In  this  case,  higher  order  correlation  functions 
can  be  written  in  terms  of  products  of  lower  order  ones  or  the  higher  order  statistics  can  be 
completely  neglected  This  is  pursued  in  the  next  section. 

V.  Corrections  to  the  DBA  Keeping  only  Two  Point  Statistics 
A.  Ladder  Approximation 

In  order  to  carry  out  the  intensity  computation,  we  need  to  make  approximations  based  on 
the  statistics  we  considered  for  the  coherent  field.  Up  to  this  point,  statistics  higher  than  the  pair 
correlation  function  has  not  been  employed  in  the  truncation  of  the  hierarchy  of  equations  for  the 
coherent  field. ^  Therefore,  we  neglect  terms  involving  p(  rj  ;  rk,rm  )  which  is  the  conditional 
probability  of  finding  the  scatterer  at  rj  with  respect  to  a  pair  of  scatterers  at  rk  and  rm.  Further,  in 
the  spirit  of  the  QCA  we  assume  that 

<a^a^*>jk  *  <  a^*>k  .  (21) 
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Equation  (18)  can  then  be  written  as 

<oJai*>;  =  <  aJ  >:  <cJ*>; 

J  J  J 

+  nQ  j  ajk  Tk  0jk*Tk*  <  ak  ak*>jk  g(  rjk )  drk  .  (22) 

If  we  keep  iterating  <  ak  ak*>k  and  use  Eq.  (21)  as  an  approximation  in  Eq.  (22),  we  obtain 
<  a)  cJ*>j  »  <  aJ  >j  <  aJ*  >j  +  n0  1  Ojk  Tk  Cjk*Tk*  <  ak  >k  <  ak*>k  g(  rjk  )  drk 
+  n0^  JJ  0jk  Tk  0jk  Tk  Tm  Cjtm  Tm  <  am  >m  <  am  >m  g(  rjk  )g(  rkm  )  drkdrm 
nc3  JJJ  Ojk  <Tjk*1**  T">  akm*T"'*  x 

x  °mp  TP  amp*Tp*  <aP>p<ap*>p  g(  rjk  )  g(  )  g(  rmp  )  drkdrmdrp 
+  ...  =  Distorted  Bom  +  Higher  Order  Correction  .  (23) 

Equation  (23)  when  substituted  into  Eq.  (15)  and  then  in  Eq.  (4)  will  enable  us  to  compute  the  first 
term  of  the  incoherent  intensity  V  to  accuracy  higher  than  the  DBA,  but  involves  only  the  pair 
correlation  function.  This  is  explained  further  when  the  results  in  Table  I  are  discussed.  In  Eq. 
(21),  an  approximation  analogous  to  the  QCA  for  the  exciting  field  has  been  made  for  the  exciting 
field  intensity. 

The  above  equation  is  analogous  to  the  equation  associated  with  a  continuous  random 
medium  with  fluctuations  of  the  physical  properties  whose  distributions  are  Gaussian.  In  this  case, 
all  correlation  functions  appearing  in  the  averaging  process  can  be  written  in  terms  of  the  two  point 
correlation  function.^  If  we  use  diagrammatic  techniques,  which  were  first  introduced  by  Feynman 
in  quantum  mechanics,^  and  were  later,  employed  in  the  study  of  wave  propagation  in  random 
media  by  Bourret,  ^  Furutsu,^  Tatarski^  and  Frisch,1^  it  can  be  shown  that  Eq.  (23)  is 
equivalent  to  the  ladder  approximation  (neglect  the  cross  terms,  i.e.  1-2'  and  2-1’,  in  Eq.  (24a))  of 
the  Bethe-Salpeter  equation: 

<U(r,  r0)U*(r',  rQ')>  =  <U(r,  r0)><U  *(»•',  rQ')>  +  JJJJ  drjd^dr  ^'dr^Glr,  r  j )  x 

<  G*(r',  rplri-j,  r2;  rf,  r2')  <U(r2,  r0)U*(r2,  rG)>  (24) 
The  above  equation  can  also  be  represented  diagrammatically  as 


to 


»  * 
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I(rl»  ri’> 


(24a) 
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2' 


where  (  r,  r’)  and  (  r0,r0’)  are  the  vectors  associated  with  the  incident  and  observation  positions 
respectively.  The  vectors  rj,  rj’  and  r 2  denote  position  vectors  of  the  scatterers  1,  2,  T  and 
2'  respectively  and  G( )  is  the  propagation  function.  In  most  cases  it  is  difficult  to  calculate  an 
explicit  expression  for  the  intensity  operator  I(r  j,  ry,  rj',  r 2’).  In  order  to  evaluate  the  correlation 
function  of  the  field,  it  is  necessary  to  resort  to  approximate  representations.  The  ladder 
approximation  to  the  intensity  operator  based  on  Eq.  (23)  is 
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We  note  that  only  the  first  term  of  Eq.  (4)  which  involves  only  <|uj|^>  contributes' to  the  ladder 
approximation. 

The  so  called  "dressed"  diagrams  shown  above  have  a  multiple  scattering  interpretation  and 
in  this  approximation,  the  coherent  exciting  field  is  the  original  source  of  the  final  incoherent 
radiation.  The  upper  (or  lower)  line  corresponds  to  a  wave,  scattered  by  the  m-th  scatterer  which  is 
excited  by  the  coherent  field,  propagating  in  an  effective  medium,  characterized  by  the  effective 
wavenumber  K,  to  the  k-th  scatterer  which  is  again  scattered  and  propagates  to  the  next  scatterer, 
and  so  on.  The  curly  and  dash  lines  joining  two  scatterers  represent  the  dressed  propagators  which 
consist  of  the  translation  operator  c  and  the  pair  correlation  function.  Each  double  diagram  in  Eq. 
(25)  is  the  product  (  scalar  or  vector  or  tensor  product  depending  upon  the  nature  of  the  problem)  of 
the  operator  corresponding  to  the  upper  line  with  its  complex  conjugate  corresponding  to  the  lower 
line.  Therefore,  different  order  ladder  approximations  of  the  incoherent  intensity  rely  on  the  number 
of  sequential  scattering  processes  considered  in  the  calculation.  Without  truncation  of  the  series. 
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the  calculation  cannot  be  done.  The  truncation  depends  critically  on  the  concentration  of  scatterers, 
the  propagation  distance  or  the  thickness  of  the  scattering  medium,  physical  properties  of  the 
scatterers,  the  incident  wavelength,  etc. 

B.  Cyclic  Diagrams 

It  will  be  now  shown  that  the  so  called  cyclic  diagrams  involving  back  and  forth  scattering 
between  a  pair  of  scatterers  results  from  the  second  term  of  Eq.  (4).  In  order  to  carry  out  the 
computation,  higher  order  statistics,  i.e.  pCr^rj  ;  Tp)  and  pfr^rj  ;  rp,rm),  are  neglected  in 
Eq.  (19).  Finally,  we  have,  after  some  manipulations  in  iterating  <  a)  a^*  >j^ , 

<  aJ*  ^  »  <  ak  <  a J*  >j  +  ct^j  Oj^T)  T^*  <  a)  >j  <  a^*  >jc 

+  ®kj  VTj  Tk*  °kj*  °jkTk  Tj*  <  oi*  >j  <  «k  >k 
+  ... 

=  Distorted  Bom  +  Higher  Order  Correction  .  (26) 

After  substituting  Eq.  (26)  into  Eq.  (16)  and  then  in  Eq.  (4),  we  can  diagrammatically  write  the 


In  the  above  equation,  one  sees  that  beyond  the  distorted  Bom  approximation  the  cross  terms 
imply  that  back  and  forth  multiple  scattering  processes  between  a  pair  of  scatterers.  This  is  over  and 
beyond  the  ladder  approximation  to  the  intensity.  It  may  be  mentioned  that  although  excellent 
agreement  was  obtained  between  theory  and  experiment  when  similar  terms  were  neglected  in  the 
computation  of  the  coherent  field,5  this  may  not  be  the  case  for  the  intensity  calculation.  Recently, 
an  interesting  enhanced  backscattering  phenomenon  has  been  observed^  >22,23  ancj  some  analytical 
work  was  tried  to  explain  this  using  cyclic  scattering  and  point  scatterers.^  However,  the 
experimental  observations  deal  with  scatterers  large  when  compared  with  the  incident  wavelength. 
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and  therefore  a  detailed  computation  based  on  anisotropic  scattering  for  finite  size  scatterers  is 
essential.  From  the  published  experimental  results  it  is  not  possible  to  observe  backscattering 
enhancement  when  the  scatterer  size  is  small  compared  to  the  wavelength.  It  is  also  advisable  to 
use  the  T- matrix  for  a  pair  of  scatterers  as  mentioned  in  our  earlier  work.**  In  fact  the  so  called 
cyclic  terms  can  all  be  summed  if  one  replaces  the  infinite  series  in  Eq.  (27)  with  the  T-matrix  of  a 
pair  of  scatterers  as  given  by.^4  Equation  (27)  may  hence  be  written  diagrammatically  as 

> 

,  (28) 

>. 

J 

where  TJk ,  the  two  scatterer  T-  matrix  has  the  following  form 

TJk  =  R(  rG  )TJ  [  1  -  o(rjk)  Tk  a(rkj)  tJ  ]  -1  [  1  +  o(rjk)  Tk  R(rkj)  ]  R(-  rQ  ) 

+  R(  ro  )  Tk  [  1  -  o(rkj)  TJ  o(rjk)  Tk  ]  ‘ 1  [  1  +  o(rkj)  TJ  R(rjk)  ]  R(-  rQ  )  (29) 
where  R(  rQ  )  is  the  regular  part  of  the  translation  matrix  cr(  rQ  ),  rjk  =  rj  -  rk  and  rD  =  (rj  +  rk)/2. 

We  are  now  in  a  position  to  write  an  expression  for  V  as  given  in  Eq.  (4)  which  is  exact  if 

only  two  point  correlations  are  retained.  We  emphasize  that  this  is  different  from  making 
approximations  to  higher  order  statistics  such  as  Kirkwood's  superposition  approximation  for  the 
three  point  correlation  function.  To  this  end  we  substitute  Eqs.  (23)  and  (  26)  in  Eqs.  (15)  and  (16) 
and  the  last  two  in  Eq.  (4)  to  yield 

V  =  nQ  L  J  [  44  TJ  <  c4  >j  ]  [  44  TJ  <  od  >j  ]*  drj 

+  nQ2  Z  If  [  44  TJ  Ojk  Tk  <  ak  >k  ]  [  44  TJ  Ojk  Tk  <  ak  >k  ]*g(rjk)  drj  drk 

+  n03  I  JJJ  [  44  TJ  Ojk  Tk  Tm  <  am  >m  ]  x 
x  [  44  TJ  Ojk  Tk  okm  Tm  <  am  >m  ]*  g(rjk)  g(rkm)  drj  drk  drm 
+  ...  ( ladder  diagrams) 


V, 

.• 


-  [  4>kTk  <  ak  >k  ]  [  TJ  TJ  <  ai  >j  ]*  [  g(rjk)  -  1  ]  drj  drk 

+  no2  Z  H  Tk  okj  TJ  <  aJ  >j  ]  [  4'J  TJ  ajk  Tk  <  ak  >k  ]*  g(rjk)  drj  drk 
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+  n02lft[T'kTkckjTicjkTk<ak>k]x 
x  [  'FJ'  TJ  Ojk  Tk  akj  TJ  <  ai  >j]*  g(rjk)  drj  drk 

+  ...  (  cyclic  diagrams  )  (30) 

Each  term  of  the  two  series  in  Eq.  (30)  represents  a  certain  order  of  scattering.  For  the  same  order 
of  scattering,  the  cyclic  terms  are  proportional  to  a  higher  power  in  the  number  density.  Thus  at  low 
concentrations  cyclic  terms  contribute  less  than  the  ladder  terms  to  the  the  same  order  of  scattering. 
Equation  (30)  has  been  used  in  the  computations  presented  in  the  next  section. 

VI.  Numerical  Results  and  Discussion 

To  check  the  validity  of  our  formalism,  we  compared  our  incoherent  intensity  calculations 
with  the  microwave  experiments  conducted  by  Beard  et  al.1^  The  transmitted  intensity  was 
calculated  using  tlje  DBA  as  given  in  Eq.  (6)  where  9=0°  represents  the  forward  direction.  This 
calculation  is  based  on  the  experimental  set-up  (see  Fig.  1)  which  consists  of  a  slab  region 
styrofoam  container,  for  various  concentrations  of  scattered  at  the  fixed  frequency.  For  the  case  ka 
=  20.8  for  tenuous  scatterers  with  relative  index  of  refraction  1.016  the  computed  results  match 
very  well  with  measurements  (see  Fig.  2).  Similar  computations  were  also  performed  for 
off-forward  scattering  and  a  good  comparison  is  again  presented  in  Fig.  3. 

The  contribution  of  different  orders  of  scattering  is  also  investigated  for  the  propagation  of  an 
electromagnetic  wave  through  randomly  distributed  spherical  ice  particles  (see  Fig.  4).  In  this 
calculation,  the  intensity  in  the  far  field  of  the  scattering  medium  is  computed  and  is  normalized 
with  respect  to  the  number  density,  receiving  area  and  the  distance  D  traveled  by  the  wave  in  order 
to  consider  the  general  nature  of  the  problem  without  reference  to  specific  measurements.  Table  I 
gives  the  magnitudes  of  the  different  order  scattered  incoherent  intensities  in  the  forward  direction 
for  two  different  concentrations  at  two  different  frequencies.  The  distorted  Bom  approximation 
uses  only  1st  (A)  and  1st  (B)  terms  described  in  the  remark  of  Table  I.  Although  the  calculation 
converges  quite  rapidly  for  this  scattering  medium  at  small  and  moderate  frequencies  (ka  =0.1  and 
1.0,  respectively),  no  conclusion  can  be  drawn  when  high  frequencies  and  different  scattering 
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media  are  considered.  Higher  order  terms  in  the  intensity  calculation  not  only  increase  the  amount 
of  CPU  time  but  also  require  knowledge  of  higher  order  statistics  for  densely  distributed  finite  size 
scatterers. 

If  the  scatterers  are  not  spherical  in  shape,  the  calculation  of  the  scattered  intensity  for  a  dense 
distribution  of  nonspherical  scatterers,  using  spherical  statistics,  may  deviate  from  measurement  s 
by  a  considerable  amount  unless  a  correct  pair  correlation  function,  is  employed  in  the  calculation. 
To  show  the  effect  of  pair  statistics  on  the  intensity  calculation,  we  have  picked  values  of  the 
effective  wavenumber  from  a  previous  investigation^  and  used  them  to  compute  the  intensity  and 
show  the  results  in  Figs  5  and  6.  The  geometry  of  this  problem  is,  again,  described  by  Fig.  4.  But 
the  scatterers  are  either  oblate  or  prolate  spheroids  and  the  rotational  axis  symmetry  for  all  scatterers 
is  parallel  to  the  direction  of  the  incident  wave.  The  details  in  obtaining  the  appropriate  pair 
correlation  function  using  Monte  Carlo  techniques  have -been  discussed  by  the  authors. 

As  for  the  backscattered  intensity,  we  have  included  the  T-matrix  of  a  pair  of  scatterers  which 
takes  into  account  all  the  so  called  'cyclic'  terms  and  considers  multiple  scattering  up  to  the  second 
order  for  the  calculation  of  the  incoherent  intensity  .  Among  three  similar  optical 
experiments8>22,23  Qf  jaser  yght  scattered  by  densely  distributed  latex  particles  in  distilled  water, 
Albada’s  measurements  are,  in  our  opinion,  of  the  best  quality  for  comparison  purposes.  The 
reason  is  partly  that  the  receiver  used  has  a  very  small  field  of  view  and,  hence,  gives  a  much  better 
angular  resolution.  The  widths  and  the  magnitudes  of  the  backscattered  intensity  peak  of  our 
computations  compare  favorably  with  those  of  Albada's  experiments  (see  Fig.  7)  for  three  different 
number  densities  which  have  been  converted  to  the  corresponding  volume  fractions  in  our  intensity 
calculation.  However,  due  to  the  truncation  of  the  orders  of  scattering  due  to  the  tremendous 
amount  of  CPU  time  required,  we  did  not  obtain  a  full  match. 

In  a  previous  paper, ^  the  multiple  scattered  intensity  was  represented  intuitively  using 
diagrams  which  included  possibly  all  the  complicated  multiple  scattering  processes,  whereas  in  the 
present  case,  one  can  see  that  it  also  involves  approximating  highc-  order  statistics  in  terms  of  the 
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pair  statistics.  Without  a  priori  knowledge  of  higher  order  statistics,  one  may  be  able  to  make 
various  approximations  and,  as  a  result,  different  diagrams  can  be  generated  but  these  nonunique 
subsets  of  the  intensity  operator  of  the  Bethe-Salpeter  equation.  As  for  the  validity  of  the 
approximations  -  can  higher  order  statistics  be  satisfactorily  approximated  by  lower  order  statistics 
or  should  they  be  neglected  -  is  still  an  open  question. 
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Table  I  Comparison  of  Orders  of  Scattering 
(6  =  0°,  ka  =  0.1) 

c  =  0.05  c  =  0.20 

Order  Normalized  Intensity  Order  Normalized  Intensity 

1st  (A)  0.1839  x  10'6 

(B)  -  0.1469  x  10 

2nd  (A)  0.1076  x  10'13 

(B)  0.1062  xlO'13 


(0  =  0°,  ka=  1.0) 


c  =  0.05 

c  =  0.20 

Order 

Normalized  Intensity 

Order 

Normalized  Intensity 

1st  (A) 

0.3009 

1st  (A) 

0.2999 

(B) 

-0.1016 

(B) 

-0.2393 

2nd  (A) 

0.8369  x  10'3 

2nd  (A) 

0.1123  x  10' 1 

(B) 

0.8665  x  10'3 

(B) 

0.1160  x  10'1 

3rd  (A) 

0.1419  x  10'7 

3rd  (A) 

0.6044  x  10'3 

(B) 

0.4653  x  10'5 

(B) 

0.7246  x  10'3 

4th  (A) 

0.6054  x  10' 10 

4th  (A) 

0.3428  x  10'4 

(B) 

0.2777  x  10'6 

(B) 

0.4759  x  10'4 

1st  C 8)  i«d(8)  3rd (8)  4*A<8) 


1st  (A)  0.1796  x  10'^ 

(B)  -  0.6050  x  10'7 

2nd  (A)  0.7689x  10' 15 

(B)  0.7544  x  10'15 
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Fig.  1  Geometry  of  scattering  from  layered  media. 

(In  Beard's  experiment  e(=  6,  /2=  3° 

T  =  69.9  cm,  R  =  264  cm,  D  =  25.4  cm) 

Fig.  2  Transmitted  incoherent  intensity  vs.  concentration. 

Fig.  3  Off-forward  scattering  of  incoherent  intensity  for  different 
concentrations. 

Fig.  4  Geometry  of  scattering  from  a  volume  of  scatterers. 

Fig.  5  Normalized  incoherent  intensity  of  EM  wave  scattered  by  oblate 
ice  spheroids  in  free  space. 

Fig.  6  Normalized  incoherent  intensity  of  EM  wave  scattered  by  prolate 
ice  spheroids  in  free  space. 

Fig.  7  Backscattered  intensity  for  latex  spheres  in  water  (0  mrad  is 
the  backscattering  direction). 


n0A{|-exp(-2lm(K)D)) 


in  degree) 


mrad 


10  5  o  5  10 

mrad 


350 
300 
250 

10  5  0  5  10 
mrad 


